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Abstract

Quantum entanglement is a vital resource in quantum computation, commu-
nication, and cryptography. Entanglement witnesses (EW) provide a method for
certifying entanglement from few measurements. I present an adaptive protocol
that uses local measurements on many copies of an unknown bipartite quan-
tum state to certify entanglement by measuring EWs. As a given EW only certi-
fies a subset of all entangled states, the protocol adaptively chooses subsequent
measurements using the results of prior measurements. While the second-stage
measurements overall certify 79.1% of computationally generated random en-
tangled states, selecting a particular set of second-state measurements via our
current best choice model leads to a 72.3% success rate. Seeking an upper bound
on the success rate achievable by any adaptive choice model, I develop a Bayes
classifier model to lower bound this upper bound. I estimate its performance
by binning the aforementioned data set using a k-dimensional tree split on pa-
rameters informed by our specific witness sets; I find that its success rate lives
very close to the success rate of our current best choice model and surpasses
it for states with concurrence greater than 0.05. I then provide an existence
proof of an information-theoretic bound on any adaptive choice method’s per-
formance. I later present a derivation that shows that our entanglement wit-
nesses are equivalent to checking the PPT criterion for separability of a 2-qubit
state in a restricted set of density matrix basis states, and use this interpretation
to determine the exact set of entangled states our protocol is unable to detect.
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Chapter 1

Introduction

Secure communication is paramount in our increasingly digital world. One way
to ensure secure communication rests on a basic facet of quantum information
theory: the no-cloning theorem. This states that an arbitrary pure quantum state
cannot be exactly copied without disturbing the original state; in other words, no
unitary transformation exists that brings the state |ψ〉A ⊗|φ〉B to |φ〉A ⊗|φ〉B for
all quantum states |φ〉 and any quantum state |ψ〉, associated with subsystems
B and A respectively. This implies that an outside antagonistic observer would
be unable to intercept and duplicate a message that is encoded as a quantum
state chosen from a set of non-orthogonal possible states without disturbing the
message itself.

To illustrate this, consider the scenario as follows: a company which I name
Qummunicate sends Alice and Bob–two spatially separated observers who hope
to communicate securely–a stream of many identical photons that are entangled
in their polarization; see Fig 1.1. If the quantum states of these two streams of
photons are entangled, Qummunicate is unable to read any of Alice and Bob’s
communications despite being the provider of the states. If Qummunicate is in-
stead acting in bad faith and sending non-entangled states, the company can
read Alice and Bob’s communication. Thus, Alice and Bob need a way to certify
the entanglement shared by their photon streams. While doing so, factors such
as atmospheric interference may change the state the two observers share, re-
quiring the two to certify entanglement without knowing exactly what the state
they are receiving is.

One method to detect entanglement is for Alice and Bob to fully determine
the state itself through a full tomography—this is a process in which they take a
measurement in every polarization basis and use that to reconstruct the state’s
density matrix. This can be thought of similar to taking multiple head-on 2D
images of a shape to determine that it is a cube because every 2D image is found
to be a square. The primary issue with a full tomography is that it is too time-
intensive for use in a real-world communication scenario; some current long-
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Figure 1.1: Motivating physical scenario for needing efficient entanglement de-
tection of an unknown quantum state: some company is sending Alice (A) and
Bob (B) many copies of an entangled two-photon state via satellite. If acting in
bad faith, the company sends separable (non-entangled) states and reads their
communication; at the same time, the atmosphere may be modifying the state,
requiring Alice and Bob certify the entanglement of an unknown quantum state.

range methods take up to 160 hours [15, 16]. Many other current approaches to
certifying entanglement rely on prior knowledge of the state.

One method to detect the entanglement with fewer measurements than a full
tomography uses entanglement witnesses: block-positive but not positive op-
erators that have negative expectation value on a subset of all entangled states
and positive expectation value on all separable (non-entangled) states. Differ-
ent entanglement witnesses are able to detect different subsets of the space of
entangled states, necessitating the measurement of multiple different entangle-
ment witnesses given no prior knowledge of the state you are attempting to de-
tect the entanglement of. A motivating question is what fraction of all entangled
states are detectable given you measure some fraction of all measurement bases,
or equivalently, measure some set of entanglement witnesses. We address this
question by testing different witnesses on a computationally generated random
mixed state set, where each random state is created by randomly sampling the
four diagonal probabilities of the density matrix as in [17], then rotating the den-
sity matrix by a randomly generated unitary matrix as in [23]. Of note, this data
set contains 16,831,944 entangled states.

In this thesis, I will frequently refer to two sets of entanglement witnesses.
The first is the {W 3} set that was originally proposed by Riccardi et al [22] in
2020, which rely on a third of the measurements required for a full tomography
and in turn witness a third of all computationally generated random entangled

8



states. The second is the {W 5} set which was derived by previous Quantum Op-
tics Group members (Ben Hartley originally, using the methods of [22], and Paco
Navarro later in a reformulated geometric way [18]). This set is split into three
triplets, {W 5

i }, i ∈ [1,2,3] which rely on different measurements to determine,
but each require 55% of a full tomography and detect approximately 79% of all
computationally generated random entangled states. If all three triplets were
measured simultaneously, that would constitute a full tomography.

Previous Quantum Optics Group members proposed a two-step adaptive
entanglement detection protocol that utilizes successive measurements on the
many-copy stream of photons to measure the qubit pair in the bases required
to test entanglement witnesses. The protocol is as follows: first, measure the
{W 3} witness set; if any of the corresponding witnesses are negative, you have
witnesses entanglement and the protocol ends. If you have not yet witnesses
entanglement, use the previous measurement outcomes to make an informed
decision of which of the three {W 5} triplets to measure next. If any of those are
negative, you have witnesses entanglement. If not, your state is either not en-
tangled, you made the incorrect choice of witness triplet to measure, or the state
is one of the approximately 21% of entangled states missed entirely by both wit-
ness sets.

In this thesis, I focus on bounding the performance of the adaptive choice
method. To do so, I derive a Bayes classifier model for the adaptive choice, which
is an optimal classification model that minimizes the error rate. I then use a k-
dimensional tree to estimate a lower bound on the Bayes classifier success rate,
inspired by the fact that methods for random entangled state generation are var-
ied and we wish to determine how our adaptive protocol performs on our data
set of entangled states specifically. To ensure that the k-d tree’s binning is done
in a way that pushes states more likely to be witnessed by a given entanglement
witness into the same bin, I derive a new form of the {W 3} and {W 5} witnesses
that give a set of inequalities on which states may be split. To improve the bin-
ning process further, I split subsequent tree nodes via information gain, inspired
by the fact that our protocol uses subsequent measurements to gain progres-
sively more information about a quantum state.

The Bayes classifier estimation becomes untrustworthy when there are too
few states per leaf (lowest node in the k-d tree) because the distribution of the
likelihood of each witness to detect states in a given bin becomes unrepresenta-
tive of the data set overall. To determine what points are trustworthy and which
are not, I look at the performance of the Bayes classifier as a choice model on
a set-aside testing set of the 16,831,944 state data set, as it is representative of
the success rate if this model were applied in a real-world test case. I find that
the success rate peaks at a tree depth of 16—I then treat all points at depth
16 or lower as trustworthy and those above as not. By fitting an exponential
curve to the trustworthy points, I estimate a lower bound protocol success rate
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of 72.3%, which matches the group’s current best choice model–a five layer neu-
ral network–to two hundredths of a percent. I proceed to interpret these results
and give a simple story for why this method works.

The remainder of this thesis is organized as follows: in Chapter 2 I provide
necessary background on quantum information theory and entanglement wit-
nesses. In Chapter 3 I introduce the {W 3} and {W 5} witness sets which in general
depend on minimizable parameters and provide analytic minimizations when
possible. I also summarize the group’s current choice methods—an analytic
method denoted the population method and a five-layer neural network, and
present two new choice models: the cross correlation model that is based on
analytic minimizations of the {W 3} and {W 5} witnesses, and a k-d tree model.
In Chapter 4 I derive the Bayes classifier choice method and estimate its per-
formance using a k-dimensional tree. Finally, in Chapter 5, I demonstrate that
the {W 3} and {W 5} witness sets are equivalent to the positive partial transpose
(PPT) criterion—which certifies whether a bipartite two-qubit density matrix is
separable—when the density matrix is written in one of a limited set of basis
states. I then interpret this result geometrically and use it to determine exactly
what quantum states our protocol is able and unable to certify the entanglement
of, assuming a perfect choice method.

10



Chapter 2

Background

2.1 Notation

2.1.1 Quantum States

In the following work, I will represent a quantum state using a ket symbol |ψ〉 and
take it to be a linear combination of basis states, each multiplied by a probability
amplitude. The probability amplitude is a complex number whose magnitude
squared is the probability of measuring that basis state. We will often use basis
states corresponding to the polarization of a photon, namely, |H〉, |V 〉 ,|D〉 ,|A〉 ,|R〉 ,
|L〉 for horizontal, vertical, diagonal, anti-diagonal, right circular, and left circu-
lar polarization—see Fig 2.1. For a state with a 50/50 chance of being horizon-
tally or vertically polarized, we write

|ψ〉 = 1p
2
|H〉+e iφ 1p

2
|V 〉 =

( 1p
2

e iφ 1p
2

)
(2.1.1)

where e iφ is a complex phase and φ ∈ [0,2π]. The column vector is an equiva-
lent way to write a ket given a particular choice of basis. In this thesis, I focus
solely on the two particle case, which may be written in the horizontal-vertical
polarization basis as

|ϕ〉 = a |H H〉+b |HV 〉+ c |V H〉+d |V V 〉 =


a
b
c
d

 , (2.1.2)

where the first letter in the ket corresponds to particle A’s state, the second letter
to particle B ’s state, and a,b,c,d ∈ C are probability amplitudes. To conserve
probability, |a|2 +|b|2 +|c|2 +|d |2 = 1. We write the dual (row vector) of the state
|ϕ〉 as

〈ϕ| = a∗ 〈H H |+b∗ 〈HV |+c∗ 〈V H |+d∗ 〈V V | = (
a∗ b∗ c∗ d∗)

, (2.1.3)
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Figure 2.1: Horizontal (|H〉), vertical (|V 〉), diagonal (|D〉), and anti-diagonal
polarizations (|A〉). Note that right and left circularly polarized are defined as
|R〉 = |H〉+ i |V 〉 and |R〉 = |H〉− i |V 〉, respectively.

where 〈ϕ| is denoted a bra. All quantum states live in a Hilbert space H , which
is a complete vector space equipped with an inner product. A bipartite Hilbert
space hosts the joint state of particles A and B and is written H A ⊗HB . The
tensor product operator ⊗ is defined in the next section.

2.1.2 The Bloch Sphere

The Bloch sphere is a way to represent a single-particle quantum state geomet-
rically. For basis vectors |H〉 and |V 〉, the Bloch sphere is a unit sphere with |H〉
and |V 〉 pointing in the positive ẑ and negative ẑ directions, respectively. This is
shown in Fig. 2.2. Points on the Bloch sphere correspond to pure states, which
can be expressed as

|ψ〉 = cos(θ/2) |H〉+e iφ sin(θ/2) |V 〉 , (2.1.4)

with θ,φ representing the typical spherical coordinate representation of a vector
of length 1. Thus, on the Bloch sphere, a pure state as in Eq. 2.1.4 may be written
in vector form as

|ψ〉 = (
sinθcosφ sinθ sinφ cosθ.

)
(2.1.5)

Mixed states may be represented as points within a solid Bloch sphere—called
the Bloch ball—but this is irrelevant for the rest of this thesis.

A rotation around an axis n̂ of the Bloch sphere can be written mathemati-
cally as

Rn̂(θ) = e−i θ2σn , (2.1.6)

where σn is a Pauli operator as defined in Sec. 2.1.5.
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Figure 2.2: Bloch sphere in the |H〉, |V 〉 basis, adapted from [29].

2.1.3 Tensor Product

A tensor product creates a representation of two lower-dimensional matrices in
a higher dimensional space. Given two matrices

A =

a11 · · · a1n
...

...
an1 · · · ann

 , B =

b11 · · · b1n
...

...
bn1 · · · bnn ,

 (2.1.7)

their tensor product is defined as

A⊗B =

a11B · · · a1nB
...

...
an1B · · · annB

 . (2.1.8)

An outer product is a tensor product but applied to vectors. Given to vectors

a =


a1

a2
...

am

 , b =


b1

b2
...

bn

 , n,m ∈Z+, (2.1.9)

their outer product is defined as

a⊗b =


a1b1 a1b2 . . . a1bn

a2b1 a2b2 . . . a2bn
...

...
. . .

...
amb1 amb2 . . . ambn

 . (2.1.10)
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2.1.4 Density Matrices

The outer product of a state’s ket with its bra forms a density matrix

ρ = |ϕ〉〈ϕ| =


|a|2 ab∗ ac∗ ad∗

ba∗ |b|2 bc∗ bd∗

ca∗ cb∗ |c|2 cd∗

d a∗ db∗ dc∗ |d |2

 . (2.1.11)

Of note, the density matrix representation of a quantum state allows us to differ-
entiate between pure states and mixed states. Pure states are the type we have
seen thus far and can be written as a vector |ϕ〉. A mixed state, however, is the
probabilistic sum of pure states and can only be written in density matrix form
as

ρ =∑
pi |ψi 〉〈ψi | , (2.1.12)

for pure states |ψi 〉 and pi ∈R,
∑

pi = 1. A two particle quantum state is separa-
ble if it may be written as the tensor product of two states, e.g.

ρ = |ψ1〉〈ψ1|⊗ |ψ2〉〈ψ2| . (2.1.13)

This implies that each single particle state in a separable bipartite state lives in
only its respective Hilbert space. A quantum state is entangled if and only if it
is not separable. This means that entangled states live in the joint Hilbert space
H A ⊗HB .

2.1.5 Pauli Matrices

The Pauli matrices are a set of 2x2 complex matrices that with the identity matrix
span the space of 2×2 Hermitian matrices. They are given as

σ1 =σx =
(
0 1
1 0

)
, σ2 =σy =

(
0 −i
i 0

)
, σ3 =σz =

(
1 0
0 −1

)
. (2.1.14)

The identity matrix is given as I and denoted σ0. Tensor products of Pauli matri-
ces span the space of density matrices, meaning all two-particle density matrices
admit the following decomposition

ρ =
3∑

i=0, j=0
Si j σi ⊗σ j . (2.1.15)

Here, Si j = Tr(ρ(σi ⊗σ j )) = 〈σi ⊗σ j 〉 ∈ R are denoted Stokes parameters. I will
write I versus σ0 when possible, but write expressions such as 〈I⊗σi 〉 as S0i . To
determine 〈σi ⊗σ j 〉, you may measure the two particles separately in various
bases then correlate the results via classical communication (these are called
correlated local measurements). In the photon-polarization case considered in
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this thesis, there are 36 projective probabilities corresponding to measuring each
particle in one of the |H〉 , |V 〉 , |A〉, or |D〉 bases. Obtaining correlated local mea-
surements from a set of mutually orthogonal basis vectors allows you to deter-
mine the probabilities of each of the four eigenstates of σi ⊗σ j , in turn allowing
you to determine 〈σi ⊗σ j 〉, as well as 〈σi ⊗ I〉 and 〈I⊗σ j 〉.

2.1.6 Full Tomography

"Here it is. The most important process in quantum chocolate fac-
tory – the tomography!" - Willy Wonky-Action-at-a-Distance

Recall that any two-particle density matrix can be written as

ρ =
3∑

i=0, j=0
Si j σi ⊗σ j . (2.1.16)

Measuring in all 9 bases, where I call a basis one of theσi⊗σ j pairs, is called a full
quantum tomography. Of note for this thesis, a full tomography requires O (N 2)
measurements on a state of dimension N and can take a long time to complete
as mentioned in Chap. 1. The primary factor that influences the completion time
of a full tomography is the rate of measurement. For example, in quantum com-
munication schemes where photons are sent from a satellite to a ground-based
detector, the atmosphere can interfere and cause a very low measurement rate.

2.1.7 The Partial Transpose

A partial transpose is an operation that applies the transpose to only one subsys-
tem of a quantum system. Given a bipartite state defined on the state space of
particles A and B ,

ρ = ∑
i , j ,k,l

pi , j ,k,l (|i 〉〈 j |)A ⊗ (|k〉〈l |)B , (2.1.17)

its partial transpose with respect to particle B is

ρΓB = ∑
i , j ,k,l

pi , j ,k,l (|i 〉〈 j |)A ⊗ (|l〉〈k|)B . (2.1.18)

When written as a block matrix (see Eq. 2.1.8), the partial transpose with respect
to subsystem B is

ρΓB =

a11BΓ · · · a1nBΓ

...
...

an1BΓ · · · annBΓ

 . (2.1.19)

When written without a subscript on Γ, the partial transpose is understood to be
with respect to subsystem B .
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2.2 Entanglement Witnesses (EW)

"Hello. My name is EWnigo Quantoya. You are entangled. Prepare
to be witnessed." - EWnigo Quantoya

Entanglement witnesses are operators that can certify the entanglement of
a quantum state. They are block-positive meaning that, for an entanglement
witness W acting on a bipartite Hilbert space H A ⊗HB ,

〈ψ|⊗〈ϕ|W |ψ〉⊗ |ϕ〉 > 0, ∀ |ψ〉 ∈H A , |ϕ〉 ∈HB . (2.2.1)

This implies that they have positive expectation value for all separable states.
Importantly, they also have positive expectation value for all separable mixed
states. At the same time, entanglement witnesses are not positive, meaning that
there exists some entangled state–which lives in the joint space H A ⊗HB be-
cause of block-positivity–for which W has a negative expectation value. In other
words,

Tr(W ρ) < 0, for some entangled state ρ. (2.2.2)

An important fact is that for every entangled state, there exists at least one entan-
glement witness with negative expectation for that state [12]. Conversely, each
entanglement witness only witnesses a subset of the space of all entangled states.
We continue to characterize optimality in entanglement witnessing.

Let {ρW } be the set of entangled states witnessed by W . W is optimal only if
there exists no other witness W ′ whose set of witnessed states {ρW ′} is a super-set
of {ρW } [6], i.e.

W is optimal only if Ø any witness W ′ for which {ρW } ⊂ {ρW ′}. (2.2.3)

An important takeaway is there there exists no universal entanglement wit-
ness, meaning not all entangled states are detected by a single entanglement
witness. This requires us to construct sets of entanglement witnesses that are
each capable of detecting different sets of entangled states.

One such class of entanglement witnesses are extremal decomposable en-
tanglement witnesses. An entanglement witness is extremal decomposable if it
can be written as [6]

W = |φ〉〈φ|Γ for an entangled state |φ〉 . (2.2.4)

In Sec. 2.2, I present two sets of extremal decomposable entanglement witnesses.
The sets we consider in this work can be constructed from limited local mea-
surements on many copies of ρ and do not require a full tomography. This is
important for reducing the amount of time it takes to certify entanglement.
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2.3 Mutual Information and Entropy

"Entropy, darling, as usual, perfectly increasing", One Hundred and
One Bits

In later sections, a refresh of the basics of information theory will be helpful.
Here, I present some definitions that should kept in mind.

Consider a discrete random variable X with support X . The probability of
some x ∈ X being chosen is denoted p(x). The Shannon entropy of X deter-
mines the minimum amount of information needed to specify one possible out-
come of X , averaged across all outcomes:

H(X ) =− ∑
x∈X

p(x) log2 p(x). (2.3.1)

An alternative understanding of Shannon entropy is as the minimum number
of bits I would need to send a friend to tell them an outcome of X , averaged
across all outcomes. As a brief example, if X is a unweighted six-sided die, X =
{1,2,3,4,5,6}, p(x) = 1

6 for all x, and H(X ) =−∑6
i=1

1
6 log 1

6 = 2.58. In the commu-
nication sense, this measures the average minimum number of bits I’d need to
send a friend to specify an outcome of the roll.

Given two random variables X and Y , the conditional entropy measures the
amount of information needed to describe the outcome of X given the outcome
of Y . Let X and Y be the supports of these two random variables. If p(x, y)
is the probability of obtaining value x ∈ X given Y takes on y ∈ Y , then the
conditional entropy is

H(X |Y ) =− ∑
x∈X ,y=Y

p(y, x) log
p(y, x)

p(y)
, (2.3.2)

where H(X |Y ) can be read as the conditional entropy of X given Y . In the lan-
guage of bits, conditional entropy can be thought of as the number of bits still
needed to specify X in a message if the outcome of Y is known. If H(X |Y ) = 0,
then the outcome of Y fully specifies X , while if H(X |Y ) = H(X ), Y does not help
predict X .

Given two random variables, X and Y , the mutual information measures the
amount of information that knowing the outcome of Y provides about X , on
average. We can think of it as the difference between the average original length
of a message I would have to send to specify X , H(X ), minus the new length of
a message I would have to send if Y is known, H(X |Y ). Or, as the uncertainty
of a variable X minus the uncertainty about X given I know the outcome of Y .
Therefore, the mutual information is defined by

I (X ;Y ) = H(X )−H(X |Y ) = H(Y )−H(Y |X ). (2.3.3)
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Despite similar colloquial definitions, this identifies conditional entropy and mu-
tual information as two distinct quantities: the first tells us the new uncertainty
of X given Y , while the second tells us how much the uncertainty—or average
length of a message to specify X —changed once Y was known. This explains
why, when Y provides no information about X , H(X |Y ) = H(X ) as the mutual
information is zero (no information is gained and the length of the message to
specify X is the same). Conversely, if Y fully specifies X , H(Y |X ) = 0 and the
mutual information is just the information it took to specify X in the first place,
H(X ).
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Chapter 3

Adaptive Entanglement
Witnessing

3.1 Witness Sets

"Toto, I’ve a feeling we aren’t taking full tomographies anymore",
Dorothy after being quantum teleported to Oz

3.1.1 {W 3} Witness Set

The W 3 witnesses are a set of six extremal decomposable–hence optimal– entan-
glement witnesses that require 3 of the 9 bases used in a full tomography. They
were derived in Riccardi et al. in 2020 [22] and have the form

W 3
1 = 1

4
[1+σz ⊗σz +cos(2θ)(σx ⊗σx +σy ⊗σy )+ sin(2θ)(σz ⊗ I+ I⊗σz )],

W 3
2 = 1

4
[1−σz ⊗σz +cos(2θ)(σx ⊗σx −σy ⊗σy )+ sin(2θ)(σz ⊗ I− I⊗σz )],

W 3
3 = 1

4
[1+σx ⊗σx +cos(2θ)(σz ⊗σz +σy ⊗σy )+ sin(2θ)(σx ⊗ I+ I⊗σx )],

W 3
4 = 1

4
[1−σx ⊗σx +cos(2θ)(σz ⊗σz −σy ⊗σy )− sin(2θ)(σx ⊗ I− I⊗σx )],

W 3
5 = 1

4
[1+σy ⊗σy +cos(2θ)(σz ⊗σz +σx ⊗σx )+ sin(2θ)(σy ⊗ I+ I⊗σy )],

W 3
6 = 1

4
[1−σy ⊗σy +cos(2θ)(σz ⊗σz −σx ⊗σx )− sin(2θ)(σy ⊗ I− I⊗σy )].

(3.1.1)
These correspond to the bases colored blue on the diagonal of Fig. 3.1. To search
for the most negative values of {W 3

i }, these witnesses must be minimized with
respect to θ once the expectation values of the above Pauli operators are known.
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I analytically minimize them using the identity

c cosα±d sinα=
√

c2 +d 2 cos(α∓x), (3.1.2)

which has minimum −
p

c2 +d 2. To provide a short proof, begin with the left
hand side:

c cosα+d sinα=
√

c2 +d 2

[
cp

c2 +d 2
cosα+ dp

c2 +d 2
sinα

]
, (3.1.3)

=
√

c2 +d 2 [cos x cosα± sin x sinα] (3.1.4)

=
√

c2 +d 2 [cos(α∓x)] , (3.1.5)

where I have defined cos x = cp
c2+d 2

, sin x = dp
c2+d 2

, and tan(x) = d
c . I compute

〈W 3
1 〉 as an example. Begin with

〈W 3
1 〉min = min

θ

[
1

4
[1+〈σz ⊗σz〉+cos(2θ)(〈σx ⊗σx〉+〈σy ⊗σy 〉)+ sin(2θ)(〈σz ⊗ I〉+〈I⊗σz )〉]

]
.

(3.1.6)
Let α= 2θ, c = (σx ⊗σx +σy ⊗σy ), and d = (σz ⊗ I+ I⊗σz ) to obtain

〈W 3
1 〉min = 1

4

[
1+〈σz ⊗σz〉+min

α
(c cos(α)+d sin(α))

]
(3.1.7)

Now, apply Eq. 3.1.2 to get with the minimum expectation value

〈W 3
1 〉min = 1

4
[1+Szz −

√
(Sxx +Sy y )2 + (Sz0 +S0z )2], (3.1.8)

where I have used that Si j = 〈σi ⊗σ j 〉 and σ0 ≡ I. The derivations for the rest of
the witnesses in Eq. 3.1.1 are equivalent and yield

〈W 3
1 〉min = 1

4
[1+Szz −

√
(Sxx +Sy y )2 + (Sz0 +S0z )2],

〈W 3
2 〉min = 1

4
[1−Szz −

√
(Sxx −Sy y )2 + (Sz0 −S0z )2],

〈W 3
3 〉min = 1

4
[1+Sxx −

√
(Szz +Sy y )2 + (Sx0 +S0x )2,

〈W 3
4 〉min = 1

4
[1−Sxx −

√
(Szz −Sy y )2 + (Sx0 −S0x )2],

〈W 3
5 〉min = 1

4
[1+Sy y −

√
(Szz +Sxx )2 + (Sy0 +S0y )2],

〈W 3
6 〉min = 1

4
[1−Sy y −

√
(Szz −Sxx )2 + (Sy0 −S0y )2].

(3.1.9)

I find a 2285×± 258× speed up between the time it takes to minimize all
6 one-parameter {W 3} witnesses in Eq. 3.1.1 via SciPy versus using the analytic
equations given in Eq 3.1.9.
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Figure 3.1: Measurement bases required for the {W 3} (blue diagonal) and {W 5}
witnesses (color-coded by additional measurement per triplet).

3.1.2 {W 5} Witness Set

The {W 5} witnesses are constructed similarly to the {W 3} set but require mea-
surements in additional bases. They may either be derived by varying the Stokes
parameters one sets to zero as in [22], or by applying rotation operators to either
or both of particles A or B, some angle about x, y , or z; see Paco Navarro’s thesis
for this geometric derivation [18]. Dissimilarly to the {W 3} set, the {W 5} set are
broken into three triplets, each of which depend on a different set of measure-
ment bases, along with those already required for W 5 measurement. The three
triplets are written as

{W 5
t1} = {W 5

1 ,W 5
2 ,W 5

3 } → σx ⊗σy ,σy ⊗σx , (3.1.10)

{W 5
t2} = {W 5

4 ,W 5
5 ,W 5

6 } → σx ⊗σz ,σz ⊗σx , (3.1.11)

{W 5
t3} = {W 5

7 ,W 5
8 ,W 5

9 } → σy ⊗σz ,σz ⊗σy . (3.1.12)

In Fig. 3.1, each {W 5} triplet necessitates the three blue diagonal terms as well
as one of the color coded off diagonals; {W 5

t1} is purple, {W 5
t2} green, and {W 5

t3}
red. Measuring the entire {W 5} set constitutes a full tomography, so we choose
to measure only one triplet at a time. The expressions are given in Eq. 3.1.13.
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W 5
1 =W 3

1,z,I =
1

4
[1+σz ⊗σz +cos(2θ)(cos(α)(σx ⊗σx +σy ⊗σy )

− sin(α)(σx ⊗σy −σy ⊗σx ))+ sin(2θ)(σz ⊗ I+ I⊗σz )]

W 5
2 =W 3

2,z,I =
1

4
[1−σz ⊗σz +cos(2θ)(cos(α)(σx ⊗σx −σy ⊗σy )

+ sin(α)(σx ⊗σy +σy ⊗σx ))+ sin(2θ)(σz ⊗ I− I⊗σz )]

W 5
3 =W 3

3,z,z =
1

4
[1+cos(α)cos

(
β
)
σx ⊗σx + sin(α)sin

(
β
)
σy ⊗σy

+ sin(α)cos
(
β
)
σy ⊗σx +cos(α)sin

(
β
)
σx ⊗σy +cos(2θ)(σz ⊗σz

+cos(α)cos
(
β
)
σy ⊗σy + sin(α)sin

(
β
)
σx ⊗σx − sin(α)cos

(
β
)
σx ⊗σy

−cos(α)sin
(
β
)
σy ⊗σx )+ sin(2θ)(cos(α)σx ⊗ I+ sin(α)σy ⊗ I

+cos
(
β
)
I⊗σx + sin

(
β
)
I⊗σy )]

W 5
4 =W 3

3,x,I =
1

4
[1+σx ⊗σx +cos(2θ)(cos(α)(σz ⊗σz +σy ⊗σy )

− sin(α)(σy ⊗σz −σz ⊗σy ))+ sin(2θ)(σx ⊗ I+ I⊗σx )]

W 5
5 =W 3

4,x,I =
1

4
[1−σx ⊗σx +cos(2θ)(cos(α)(σz ⊗σz −σy ⊗σy )

− sin(α)(σy ⊗σz +σz ⊗σy ))− sin(2θ)(σx ⊗ I− I⊗σx )]

W 5
6 =W 3

1,x,x = 1

4
[1+cos(α)cos

(
β
)
σz ⊗σz + sin(α)sin

(
β
)
σy ⊗σy

− sin(α)cos
(
β
)
σy ⊗σz −cos(α)sin

(
β
)
σz ⊗σy +cos(2θ)(σx ⊗σx

+cos(α)cos
(
β
)
σy ⊗σy + sin(α)cos

(
β
)
σz ⊗σy +cos(α)sin

(
β
)
σy ⊗σz

+ sin(α)sin
(
β
)
σz ⊗σz )+ sin(2θ)(cos(α)σz ⊗ I

− sin(α)σy ⊗ I+cos
(
β
)
I⊗σz − sin

(
β
)
I⊗σy )]

W 5
7 =W 3

5,y,I =
1

4
[1+σy ⊗σy +cos(2θ)(cos(α)(σz ⊗σz +σx ⊗σx )

+ sin(α)(σx ⊗σz −σz ⊗σx ))+ sin(2θ)(σy ⊗ I+ I⊗σy )]

W 5
8 =W 3

6,y,I =
1

4
[1−σy ⊗σy +cos(2θ)(cos(α)(σz ⊗σz −σx ⊗σx )

+ sin(α)(σx ⊗σz +σz ⊗σx ))− sin(2θ)(σy ⊗ I− I⊗σy )]

W 5
9 =W 3

1,y,y =
1

4
[1+cos(α)cos

(
β
)
σz ⊗σz + sin(α)sin

(
β
)
σx ⊗σx

+ sin(α)cos
(
β
)
σx ⊗σz +cos(α)sin

(
β
)
σz ⊗σx

+cos(2θ)(σy ⊗σy +cos(α)cos
(
β
)
σx ⊗σx − sin(α)cos

(
β
)
σz ⊗σx

−cos(α)sin
(
β
)
σx ⊗σz + sin(α)sin

(
β
)
σz ⊗σz )+ sin(2θ)(cos(α)σz ⊗ I

+ sin(α)σx ⊗ I+cos
(
β
)
I⊗σz + sin

(
β
)
I⊗σx )], (3.1.13)
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with θ ∈ [0, π2 ],α ∈ [0,2π], and β ∈ [0,2π]. However, we may also derive each {W 5}
witness by applying a local rotation matrix to either or both particles associated
with the {W 3} [18]; in Eq. 3.1.13, the notation W 3

1,z,I means to rotate particle 1
about the ẑ axis by an angle α:

W 3
1,z,I = (R̂z (α)⊗ I)W 3

1 ((R̂†
z (α)⊗ I). (3.1.14)

For reference, these rotations follow the rules:

σx about z : cos(α)σx + sin(α)σy .

σy about z : cos(α)σy − sin(α)σx .

σx about y : cos(α)σx − sin(α)σz .

σz about y : cos(α)σz + sin(α)σx .

σy about x : cos(α)σy + sin(α)σz .

σz about x : cos(α)σz − sin(α)σy . (3.1.15)

The first two witnesses in each triplet admit an analytic minimization:

minW 5
1 = 1

4
[1+Szz −

√
(Sxx +Sy y )2 + (Sz0 +S0z )2 + (Sx y −Sy x )2]

minW 5
2 = 1

4
[1−Szz −

√
(Sxx −Sy y )2 + (Sz0 −S0z )2 + (Sx y +Sy x )2]

minW 5
4 = 1

4
[1+Sxx −

√
(Szz +Sy y )2 + (S0x +Sx0)2 + (Sy z −Sz y )2]

minW 5
5 = 1

4
[1−Sxx −

√
(Szz −Sy y )2 + (S0x −Sx0)2 + (Sy z +Sz y )2]

minW 5
7 = 1

4
[1+Sy y −

√
(Szz +Sxx )2 + (Sy0 +S0y )2 + (Szx −Sxz )2]

minW 5
8 = 1

4
[1−Sy y −

√
(Szz −Sxx )2 + (Sy0 −S0y )2 + (Szx +Sxz )2]. (3.1.16)

I derive this in two ways and will demonstrate both with W 5
1 . The first method

begins with the general expression:

min
α,θ

〈W 5
1 〉 = min

α,θ

1

4
[1+〈σz ⊗σz〉+cos(2θ)(cos(α)(〈σx ⊗σx〉+〈σy ⊗σy 〉)

− sin(α)(〈σx ⊗σy 〉−〈σy ⊗σx )〉)+ sin(2θ)(〈σz ⊗ I〉+〈I⊗σz〉)]

= min
α,θ

1

4

[
1+Szz +cos(2θ)(cos(α)(Sxx +Sy y )− sin(α)(Sx y −Sy x )+ sin(2θ)(Sz0 +S0z )

]
.

(3.1.17)

Let

a = 1+Szz ,

b = Sxx +Sy y ,

c = Sz0 +S0z ,

d = Sx y −Sy x . (3.1.18)
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Then, this expression becomes

min
α,θ

〈W 5
1 〉 = min

α,θ

1

4
[a +cos(2θ)(b cos(α)−d sin(α))+c sin(2θ)]. (3.1.19)

Recall the identity

c cosα±d sinα=
√

c2 +d 2 cos(α∓x), (3.1.20)

from Eq. 3.1.2 which has a minimum value of −
p

c2 +d 2.
Complete the α minimization:

min
α,θ

〈W 5
1 〉 = min

θ

1

4
[a +cos(2θ)(−

√
b2 +d 2)+c sin(2θ)] (3.1.21)

I play the same trick but with the 2θ terms to kill the θ minimization:

〈W 5
1 〉min = 1

4
[a −

√
b2 +c2 +d 2]

= 1

4
[1+Szz −

√
(Sxx +Sy y )2 + (Sz0 +S0z )2 + (Sx y −Sy x )2]. (3.1.22)

The other expressions in Eq. 3.1.16 follow from this method. I can also derive
these equations by applying the necessary rotation to the minimized {W 3} ex-
pressions in Eq. 3.1.9, then minimizing over the angles brought by the rotation:

〈W 5
1 〉min = min

α
〈(R̂z (α)⊗ I)W 3

1 (R̂†
z (α)⊗ I)〉 (3.1.23)

= min
α

〈(R̂z (α)⊗ I) 1

4
[1+σz ⊗σz −

√
(σx ⊗σx +σy ⊗σy )2 + (σz ⊗ I+ I⊗σz )2](R̂†

z (α)⊗ I)〉
(3.1.24)

= min
α

1

4
[1+Szz −

√
(Sxx cosα+Sy x sinα+Sy y cosα−Sx y sinα)2 + (Sz0 +S0z )2]

(3.1.25)

= min
α

1

4
[1+Szz −

√
((Sxx +Sy y )cosα+ (Sy x −Sx y )sinα)2 + (Sz0 +S0z )2]

(3.1.26)

I then minimize over α using the same identity as before in Eq. 3.1.20, yielding

〈W 5
1 〉min = 1

4
[1+Szz −

√(√
(Sxx +Sy y )2 + (Sx y −Sy x )2

)2
+ (Sz0 +S0z )2] (3.1.27)

= 1

4
[1+Szz −

√
(Sxx +Sy y )2 + (Sx y −Sy x )2 + (Sz0 +S0z )2], (3.1.28)

which matches Eq. 3.1.16.
I also simplify the expressions for the third witness in each triplet—W 5

3 ,W 5
6 ,

and W 5
9 —by analytically completing the θminimization. Begin with W 5

1 in Eq. 3.1.13
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and resolve the θ minimization via the identity given in Eq. 3.1.20; each witness
then reads

W 5
3 = 1

4
[1+cos(α)cos

(
β
)
σx ⊗σx + sin(α)sin

(
β
)
σy ⊗σy (3.1.29)

+ sin(α)cos
(
β
)
σy ⊗σx +cos(α)sin

(
β
)
σx ⊗σy

−
[(
σz ⊗σz +cos(α)cos

(
β
)
σy ⊗σy + sin(α)sin

(
β
)
σx ⊗σx

− sin(α)cos
(
β
)
σx ⊗σy −cos(α)sin

(
β
)
σy ⊗σx

)2

+ (
cos(α)σx ⊗ I+ sin(α)σy ⊗ I+cos

(
β
)
I⊗σx + sin

(
β
)
I⊗σy

)2
] 1

2
]

W 5
6 = 1

4
[1+cos(α)cos

(
β
)
σz ⊗σz + sin(α)sin

(
β
)
σy ⊗σy

− sin(α)cos
(
β
)
σy ⊗σz −cos(α)sin

(
β
)
σz ⊗σy

−
[(
σx ⊗σx +cos(α)cos

(
β
)
σy ⊗σy + sin(α)cos

(
β
)
σz ⊗σy

+cos(α)sin
(
β
)
σy ⊗σz + sin(α)sin

(
β
)
σz ⊗σz

)2

+ (
cos(α)σz ⊗ I− sin(α)σy ⊗ I+cos

(
β
)
I⊗σz − sin

(
β
)
I⊗σy

)2
] 1

2
]

W 5
9 = 1

4
[1+cos(α)cos

(
β
)
σz ⊗σz + sin(α)sin

(
β
)
σx ⊗σx

+ sin(α)cos
(
β
)
σx ⊗σz +cos(α)sin

(
β
)
σz ⊗σx

−
[

(σy ⊗σy +cos(α)cos
(
β
)
σx ⊗σx − sin(α)cos

(
β
)
σz ⊗σx

−cos(α)sin
(
β
)
σx ⊗σz + sin(α)sin

(
β
)
σz ⊗σz )2

+ (cos(α)σz ⊗ I+ sin(α)σx ⊗ I+cos
(
β
)
I⊗σz + sin

(
β
)
I⊗σx )2

] 1
2

] (3.1.30)

I identically reach Eq. 3.1.29 by rotating the corresponding {W 3} witnesses from
Eq. 3.1.9 as described in detail in Paco Navarro’s thesis [18]. However, I am un-
able to eliminate theαorβparameters—even if I attempt to split the two-particle
rotation then minimization step into two separate one-particle rotations with
two minimizations—because of the presence of rotated terms outside of each
square root in the minimized {W 3} expressions. In Sec. 5.2, I describe what these
three witnesses test geometrically and explain why having two parameters is ex-
pected.

When comparing the three-parameter and two-parameter versions of W 5
3

(Eq. 3.1.13 vs. Eq. 3.1.29) I find a 4.7×± 0.8× speed up in minimizing a computa-
tionally generated random states, important for efficiency in future applications
to quantum communication protocols and for our group computing witnesses
on large data sets. Likewise, I find a 3913×± 999× speedup between the three-
parameter and analytically minimized versions of W 5

2 (Eq.3.1.13 vs Eq.3.1.16).
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3.2 Two Step Adaptive Witnessing Protocol

"E.W. detect entanglement" - E.W.: The Extranglement-Witerrestrial

As a reminder, entanglement witnesses are typically used to detect the entan-
glement of states that the observer has prior knowledge of [27]. An example
of this would be when an experimentalist has a state they expect they created,
but which they need to confirm the entanglement of. This thesis focuses on the
scenario in which no prior knowledge is known of the state. I now introduce
a two-step adaptive witnessing protocol that uses the {W 3} and {W 5} witness
sets to iteratively identify the entanglement of unknown bipartite states from
few measurements, this protocol having been developed by previous Quantum
Optics Group members. This protocol allows users to take the minimum num-
ber of measurements required to detect a quantum state ρ, assuming that ρ is
witnessed by at least one witness within {W 3} or {W 5}.

The first step is to determine the expectation values of all {W 3} witnesses.
This corresponds to measuring in the σx ⊗σx ,σy ⊗σy , and σz ⊗σz bases. If any
of the W 3 witnesses have a negative expectation value, ρ has been witnessed as
entangled, and the protocol ends.

If no W 3 witnesses are negative, we proceed to measure one of the three W 5

triplets as the second step of this protocol. Each triplet requires the same mea-
surement bases as the W 3 witnesses, with an additional basis setσi ⊗σ j ,σ j ⊗σi ,
i , j ∈ [x, y, z] and i ̸= j . Before this measurement we must make a choice of
which of the three triplets to measure. This choice is adaptive, meaning it uses
the measurement results from W 3 to inform its decision. We have two choice
models, discussed and compared in Sec 3.3. After measuring in our chosen ad-
ditional bases, we check whether any of the chosen triplet’s expectation values
are negative—if any are, we have successfully detected entanglement. If not, the
state is either separable, witnessed by a different W 5 triplet (i.e. we made the
wrong choice), or are undetected by any W 3 or W 5. This protocol is visualized
in Fig. 3.2. By testing across a data set of 16,831,944 computationally generated
random states via the method described in Roik et al. [23], I find that 33% of these
states are witnessed by the {W 3}s, and 79% by the {W 5}s if the perfect choice is
made.

3.3 Choice Models

The performance of this protocol is dependent on the success rate, or accu-
racy, of the choice model used. In this thesis, I define the accuracy of a choice
model as the number of entangled states that this choice model makes the cor-
rect choice for divided by the number of entangled states in the data set. In hind-
sight, it would have been more pertinent to define the success rate as the num-
ber of entangled states that are witnessed by a {W 3} witness or that the choice
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Figure 3.2: Flow chart of the adaptive witnessing protocol. The witness sets are
given in Sec. 3.1 and the choice methods in Sec. 3.3.
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model chooses correctly for, divided by all entangled states. However, I found
that the choice model success rates differ by less than 0.1% between the two def-
initions, which indicates that our choice methods are already doing a good job
of choosing correctly for states witnessed by a {W 3}.

We define the accuracy of a choice model as the number of states witnessed
by the two-step protocol while using this choice model, divided by the number
of states witnessed if we make the ideal choice every time. The model that makes
the ideal choice every time is called the W 5 oracle, as it has knowledge of which,
if any, of the W 5 triplets witness any state ρ.

3.3.1 Population Model

The population model is an analytic choice model that chooses to measure the
measurement bases orthogonal to the W 3 basis along which the maximum in-
formation resides. It does so by calculating the magnitude of three W 3 Stokes
parameters | 〈σi ⊗σi 〉 | = |Si i |, i ∈ [x, y, z]. The maximum magnitude represents
the axis on which we have the most information about the state. The population
method then chooses to gain information about the axes orthogonal to σi ⊗σi .
See Table 3.1 for the specific choice mapping.

Greatest |Si i |, i ∈ [x, y, z] σi ⊗σ j pair
|Szz | σx ⊗σy

|Sxx | σy ⊗σz

|Sy y | σx ⊗σz

Table 3.1: Population model; the maximum value of the three populations cor-
responding to which {W 5} triplet is chosen.

Observe that the positive portions of the first two witnesses in each triplet are
dependent on 1±Si i , i ∈ [x, y, z]. By choosing the largest |Si i | we are guaranteed
to minimize the positive portion of one of these two witnesses, therefore making
it more likely that it has an overall negative expectation value. As an example,
see the first two witnesses in {W 5

t1}:

minW 5
1 = 1

4
[1+Szz −

√
(Sxx +Sy y )2 + (Sz0 +S0z )2 + (Sx y −Sy x )2]

minW 5
2 = 1

4
[1−Szz −

√
(Sxx −Sy y )2 + (Sz0 −S0z )2 + (Sx y +Sy x )2] (3.3.1)

If |Szz | is the largest of |Si i |, i ∈ [x, y, z], then one of the two witnesses in Eq. 3.3.1
has a minimal positive portion and is therefore more likely to be negative. The
population model was originally derived heuristically by a previous group mem-
ber [30]; my work was to give the mathematical interpretation presented in this
section.
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3.3.2 Five Layer Neural Network

The five layer neural network is a computational choice model trained using
WandB [4], which is a platform for optimizing and tracking machine learning
models. It takes in the nine of the projective probability measurements obtained
when calculating the {W 3} witness set

H H , HV ,V V ,DD,D A,DD,RR,RL,LL, (3.3.2)

with projective probabilities discussed briefly in Sec. 2.1.5. The model returns
a goal vector ŷ = [W 5

t1,W 5
t2,W 5

t3], which is a multi-hot encoded vector with each
index being assigned value 1 if W 5

t i < 0, or 0 if not. Hyperparameter sweeps with
a 10−3 learning rate and batch size of 2000 resulted in the ideal model contain-
ing 5 hidden layers of 200 nodes each, ReLu activation functions for all hidden
layers, and a Sigmoid activation function for the final output layer. This model
was conceived of and trained by previous group members [25].

3.3.3 Cross Correlation Model

The cross correlation model is an abstraction of the population model. From the
analytic minimizations in Eq. 3.1.16, I set a bound on what Stokes parameters a
state must have to be detected by a given witness:

〈W 5
1 〉 < 0 ⇐⇒ (1+Szz )2 < (Sx y −Sy x )2 + (Sxx +Sy y )2 + (Sz0 +S0z )2,

〈W 5
2 〉 < 0 ⇐⇒ (1−Szz )2 < (Sx y +Sy x )2 + (Sxx −Sy y )2 + (Sz0 −S0z )2,

〈W 5
4 〉 < 0 ⇐⇒ (1+Sxx )2 < (Sy z −Sz y )2 + (Szz +Sy y )2 + (Sx0 +S0x )2,

〈W 5
5 〉 < 0 ⇐⇒ (1−Sxx )2 < (Sy z +Sz y )2 + (Szz −Sy y )2 + (S0x −Sx0)2,

〈W 5
7 〉 < 0 ⇐⇒ (1+Sy y )2 < (Szx −Sxz )2 + (Szz +Sxx )2 + (Sy0 +S0y )2,

〈W 5
8 〉 < 0 ⇐⇒ (1−Sy y )2 < (Szx +Sxz )2 + (Szz −Sxx )2 + (Sy0 −S0y )2. (3.3.3)

Then, collect terms we know from measuring the {W 3} witness set on one side
and the unknown cross-correlation term on the other:

〈W 5
1 〉 < 0 ⇐⇒ (1+Szz )2 − [(Sxx +Sy y )2 + (Sz0 +S0z )2] < (Sx y −Sy x )2,

〈W 5
2 〉 < 0 ⇐⇒ (1−Szz )2 − [(Sxx −Sy y )2 + (Sz0 −S0z )2] < (Sx y +Sy x )2,

〈W 5
4 〉 < 0 ⇐⇒ (1+Sxx )2 − [(Szz +Sy y )2 + (Sx0 +S0x )2] < (Sy z −Sz y )2,

〈W 5
5 〉 < 0 ⇐⇒ (1−Sxx )2 − [(Szz −Sy y )2 + (S0x −Sx0)2] < (Sy z +Sz y )2,

〈W 5
7 〉 < 0 ⇐⇒ (1+Sy y )2 − [(Szz +Sxx )2 + (Sy0 +S0y )2] < (Szx −Sxz )2,

〈W 5
8 〉 < 0 ⇐⇒ (1−Sy y )2 − [(Szz −Sxx )2 + (Sy0 −S0y )2] < (Szx +Sxz )2. (3.3.4)

From Eq. 3.3.4, I define six quantities, ∆i (X ), as the left hand side’s quantity for
each 〈W 5

i 〉. X is the set of 9 Stokes parameters necessary to measure {W 3}. The
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cross correlation model seeks to minimize these terms, as the triplet is then more
likely to witness a given state because it needs a smaller exchange symmetric
cross correlation term (of the form (Si j ±S j i )2) to satisfy one of the inequalities.

3.3.4 A k-dimensional Tree

In Chapter 4, I present a k-dimensional tree approach to lower bound the pro-
tocol’s success rate. I also use the k-d tree as a choice method—this means that
I train, or develop a set of rules to place states into bins, using a large training
set taken out of 16,831,944 computationally generated random states. Then, for
each state that was not used for training, I place it into a bin using the rules from
training and check whether the witness triplet that detects it is the same as the
witness triplet that detects the majority of the training states in the bin. The suc-
cess probability is then the number of test states for which their witness triplet
matches their bin’s, divided by the number of test states.

3.3.5 Choice Model Comparison

"Is that a bird? Is that a plane?? No! It’s a gap between the success
rates of the W 5 oracle and neural network!" - An observer of Super-
operator-man

I evaluate the performance of the W 3 witnesses, W 5 witnesses with perfect choice
(W 5 oracle), population method, cross-correlation method, k-dimensional tree
model, and neural network in Fig. 3.3 as a function of concurrence, which is a
monotone measure of a state’s degree of entanglement that is 0 for all separa-
ble states and 1 for maximally entangled states [11]. More specifically, I use a
concurrence threshold, so evaluate success rates on all states with concurrence
greater than or equal to some c ∈ [0,1]. I evaluate success rates using a compu-
tationally generated set of 16,831,944 random entangled states that we gener-
ated using the method from Roik et al. [23]. For models that require training—
the neural network and k-dimensional tree—I use 5-fold cross validation. This
means that I split the data set into 5 subsets, train on four of them, test on the
remaining one, and then repeat the splitting five times to form an average. From
Fig. 3.3, we immediately observe that the neural network chooses the incorrect
{W 5} triplet for 7% of states. The first question we can ask is whether the opti-
mal choice model can saturate the 79% bound set by the W 5 oracle, or if there is
instead some information-theoretic bound based on the limited measurements
being provided to the choice model. I approach this question in the following
chapter. A second question is why the population model is more successful than
the cross correlation model if the cross correlation model uses more information
about the state than the population model. The short answer is that because the
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cross correlation model is based on the first two witnesses in each triplet, it mis-
characterizes the third witness in each triple easily. The long answer is provided
in Sec. 5.2.1, after I present a geometric interpretation of the model necessary
to understand my explanation. This also answers why the k-d tree model does
worse than the neural network.
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Figure 3.3: Protocol success rate for different choice models and witness sets for
all states with concurrence greater than or equal to some value on the x-axis. See
Sec. 3.3 for a description of each choice model.
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Chapter 4

Bounding the Protocol’s
Success Rate

The goal of this thesis is to derive a bound on the success rate of the two step
adaptive entanglement witnessing protocol. First, I show that there exists an
information-theoretic upper bound on the protocol’s success rate by deriving
two states that have identical {W 3}-measured Stokes parameters but are detected
by two different {W 5} witness triplets. I then estimate this bound on the large
data set of 16,831,944 random computationally generated entangled states by
estimating the percent of entangled states that have the same {W 3}-measured
Stokes parameters but are detected by two different {W 5} witness triplets. I then
estimate a separate upper bound by directly estimating the success rate of the
Bayes classifier.

4.1 Bayes Classifier Choice Method

"Behold!!! My optimal-choice-makerinator!!!" - Dr. Qu-finshmirtz.

In this section, I derive an optimal adaptive choice model. Let ρ be a random
bipartite density matrix, i.e. a random variable, drawn from a distribution π(ρ).
Define

G : {M 3} → {W 5
t1,W 5

t2,W 5
t3} (4.1.1)

to be a classifier that takes in the nine Stokes parameters calculated for W 3 mea-
surement, which I denote {M 3}, and returns a classification choice of which W 5

i
triple to measure next. I represent these measurement outcomes as a random
vector x ∈ R9; note that the values of x are constrained such that they have a
non-trivial distribution which I denote fstokes. Importantly, there is no clean
closed-form expression for fstokes that I found in the literature or was able to
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derive. Define the event that the i -th {W 5} witness triplet, {W 5
t i }, contains a neg-

ative witness for the random variable ρ as

Ei (ρ) ≡ {min
j

Tr(ρW 5
j ) < 0 | W 5

j ∈ {W 5
t i }}. (4.1.2)

Then, the probability of this event occurring given the random outcome vector
x is written as

gi (x) = Pr(Ei = 1|X = x) = E(Ei |X = x), (4.1.3)

where E is the expectation value. The best possible hypothetical classification
model—as in the one that minimizes its error—is the Bayes classifier [7] which
is defined by

Gbayes(x) = argmaxi∈{1,2,3} gi (x). (4.1.4)

This model chooses the witness triplet with the maximum probability of wit-
nessing a state ρ based on its W 3 measurement outcome vector x. It is opti-
mal because it knows the full probability distribution relationship between any
quantum state and {W 5}, without having knowledge of which witness will detect
that state. This is a hypothetical choice model in that it represents the highest
success rate any actual choice model could have without telling us exactly how
to make that choice.

Consider the probability that the event Ei occurs with i chosen so that P(Ei =
1|X = x) is maximized for a Stokes vector x,

gGbayes(X )(X ). (4.1.5)

This is the highest probability that one of the witness triplets detects the state
associated with x, which is equivalent to the probability that the choice model
that chooses this highest-probability triplet succeeds for that state. Averaging
over all states and their associated x vectors gives the average value (expecta-
tion value) of this highest probability, and therefore gives the success rate of this
hypothetical optimal choice method,

PBayes = E[gGbayes(X )(X )], (4.1.6)

= E[max
i

gi (X )], (4.1.7)

=
∫

max
i∈{1,2,3}

gi (x) fstokes(x)d x, (4.1.8)

where f (x) is the distribution of the {W 3} Stokes parameters in R9. Of note,
E[Gbayes(x)] < 0.791 as we are bounded above by the {W 5} oracle. This is in turn
equivalent to the success rate of the protocol itself if using this choice method.
This is because whether a state is witnessed by a {W 3} witness is fully encoded
in x already, so gGbayes(X )(X ) = 1 if this is so. PBayes as written is an upper bound
on how well the protocol could perform with any choice model because it is the
probability of success for the hypothetical best possible choice model.
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Recognize that the distribution fstokes(x) of {W 3}-measured Stokes parame-
ters, {M 3} ∈R9, in Eq. 4.1.8 is dependent on the distribution from which we draw
our quantum states. However, there is no single distribution of mixed quantum
states agreed upon in the literature [32], and there are therefore multiple meth-
ods by which to generate random mixed quantum states. The goal of this thesis
is to bound the performance of the entanglement witnessing protocol, which
means that we must choose the distribution f (x) to match the entangled states
we use to characterize each choice model’s performance in Fig. 3.3. As such, it
makes the most sense to derive a bounding method that determines a bound on
data generated by the same method as that used to create Fig. 3.3.

4.2 An Information-Theoretic Upper Bound

Consider two states, ρ1 and ρ2, that have the same 9 Stokes parameters mea-
sured to calculate the {W 3} witness set in step one of our adaptive witnessing
protocol. Imagine that these two states have different cross correlation Stokes
parameters of the form Si j and S j i , i , j ∈ x, y, z, and are witnessed by differ-
ent {W 5} triplets. Then, any conceivable adaptive choice method would fail to
choose the correct {W 5} witness triplet for one of these two states. This implies
that for some states, the 9 Stokes parameters provided to the adaptive choice
method do not contain sufficient information for a perfect choice. In this sec-
tion, I begin by deriving two states for which this scenario is true. Then, I esti-
mate an upper bound on any adaptive choice method’s success rate using the
percent of states in our data set of computationally random for which this sce-
nario applies.

4.2.1 States no Adaptive Choice Model can guess Correctly

Here, I construct two states that have identical {W 3}-necessary Stokes parame-
ters but which are witnessed by two different triplets. In Sec. 3.3.3, I derived that
W 5

1 and W 5
4 —which are in triplets 1 and 2 respectively—detect a given quan-

tum state if the following inequalities hold true with respect to that state’s Stokes
parameters:

〈W 5
1 〉 < 0 ⇐⇒ (1+Szz )2 − [(Sxx +Sy y )2 + (Sz0 +S0z )2] < (Sx y −Sy x )2,

〈W 5
4 〉 < 0 ⇐⇒ (1+Sxx )2 − [(Szz +Sy y )2 + (Sx0 +S0x )2] < (Sy z −Sz y )2. (4.2.1)

To simplify this construction, I set Si 0 = S0i = Sy y = 0, i ∈ x, y, z, for both states.
With this, the W 5

1 and W 5
4 witnessing conditions in Eq. 4.2.1 become

〈W 5
1 〉 < 0 ⇐⇒ (1+Szz )2 − (Sxx )2 < (Sx y −Sy x )2,

〈W 5
4 〉 < 0 ⇐⇒ (1+Sxx )2 − (Szz )2 < (Sy z −Sz y )2. (4.2.2)
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Then, let

Sxx = a,

Szz = b,

Sx y =−Sy x = c,

Sy z =−Sz y = d ,

Sxz = Szx = 0,

where Sxz = Szx = 0 is chosen so that neither are witnessed by the third triplet.
For no {W 3} witness to detect these states, the left hand side of both inequalities
in Eq. 4.2.2 need to be non-zero, but for the inequalities to hold, they must also
be small. With this in mind, I choose

a =−2

3
, b =−1

6
. (4.2.3)

Eq. 4.2.2 then becomes

〈W 5
1 〉 < 0 ⇐⇒ 1

4
< 4c2,

〈W 5
4 〉 < 0 ⇐⇒ 1

12
< 4d 2. (4.2.4)

Solving, I obtain

〈W 5
1 〉 < 0 ⇐⇒ 1

4
< c,

〈W 5
4 〉 < 0 ⇐⇒ 1

6
< d . (4.2.5)

Choose c = d = 1
3 so that these inequalities hold true. Set Sy z = Sz y = 0 for ρ1,

which is the state I will derive that is only witnessed by the first triplet, and set
Sx y = Sy z = 0 for ρ2, the state witnessed by the second triplet. This is so that ρ1 is
not witnessed by the second triplet, and vice versa for ρ2. This yields the states

ρ1 = 1

4

[
I⊗ I− 2

3
σx ⊗σx − 1

6
σz ⊗σz + 1

3
σx ⊗σy − 1

3
σy ⊗σx

]

=


5

24 0 0 −1
6

0 7
24 −1

6 (1− i ) 0
0 −1

6 (i +1) 7
24 0

−1
6 0 0 5

24

 , (4.2.6)

and

ρ1 = 1

4

[
I⊗ I− 2

3
σx ⊗σx − 1

6
σz ⊗σz + 1

3
σy ⊗σz − 1

3
σz ⊗σy

]

=


5

24
i

12 − i
12 −1

6
− i

12
7

24 −1
6

i
12

i
12 −1

6
7

24 − i
12

−1
6 − i

12
i

12
5

24

 . (4.2.7)
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These are trace 1, hermitian, semi-positive definite matrices and are thus valid
density matrices. The first is witnessed by W 5

1 and W 5
3 , so only by witnesses in

the first triplet. The second is witnessed by W 5
4 and W 5

6 , so only by witnesses
in the second triplet. Thus, because they share the 9 measured {W 3}-necessary
Stokes parameters, any conceivable adaptive choice model only given those 9
parameters would fail to detect one of them. I confirm this using the neural
network choice model discussed in Sec. 3.3; I find that it predicts the second
triplet, meaning that it guesses correctly for ρ2 but fails for ρ1.

4.2.2 A Bound from the Gap

I showed in Sec. 4.2.1 that there are some sets of entangled states for which the
information provided by the 9 {W 3}-determined Stokes parameters is insuffi-
cient to correctly classify them. More specifically, there exists states that have
the same 9 {W 3}-determined Stokes parameters but are nevertheless detected by
different {W 5} triplets. This implies a gap between the oracle and Bayes choice
model. In this section, I estimate an upper bound on the classification suc-
cess rate of any possible adaptive choice model provided these 9 parameters by
estimating the number of states that the optimal choice model will always get
wrong.

Let Ii (ρx ) to be an indicator variable that is 1 when the i -th {W 5} triplet de-
tects the state ρ with 9 measured Stokes parameters x. Then, the oracle success
rate is the average probability that a state with associated x is detected by any
three triplet,

Poracle = Ex [P (I1(x)∪ I2(x)∪ I3(x))|X = x)] , (4.2.8)

where the expectation value E is taken over all states. Let

gi (x) = Pr(Ii (x)|X = x) (4.2.9)

be the probability that the i -th witness detects a state given it has 9 measured
Stokes parameters x. Here, I denote P to be a success rate averaged over all x,
and Pr a probability for a single x. Then, if G(x) is the triplet that any determin-
istic choice model given only the 9 measured Stokes parameters chooses, the
success rate of the model is

PG = Ex [gG(x)(x)]. (4.2.10)

I have already shown that there necessarily exists a gap between the oracle suc-
cess rate and the success rate of any 9 Stokes parameter-provided adaptive choice
model. I then quantify this gap as

Poracle −PG = Ex [Pr(I1(x)∪ I2(x)∪ I3(x))|X = x)]−Ex [gG(x)(x)]

= Ex
[
Pr(I1(x)∪ I2(x)∪ I3(x))− gG(x)(x))|X = x

]
= Ex [Pr(A|X = x)−Pr(B |X = x)] , (4.2.11)
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where A = I1(x)∪ I2(x)∪ I3(x) and B = Ii (x). See that because B ⊆ A, A can be
decomposed as A = B ∪ (A ∩B), where B is the complement of B . Conditioning
on X = x yields

Pr(A|X = x) = Pr(B |X = x)+Pr
(

A∩B |X = x
)
, (4.2.12)

or
Pr(A|X = x)−Pr(B |X = x) = Pr

(
A∩B |X = x

)
. (4.2.13)

Substituting this in to Eq. 4.2.11 gives

Poracle −PG = Ex

[
Pr

(
A∩B |X = x

)]
= Ex

[
Pr

(
(I1(x)∪ I2(x)∪ I3(x))∩ IG(x)(x)

)]
. (4.2.14)

Pr
(
(I1(x)∪ I2(x)∪ I3(x))∩ IG(x)(x)

)
represents the probability that the state is

detectable by one of the {W 5} triplets but that the model G(x) chose incorrectly.
Its expectation value is then the average of this probability over all states, which
is the gap between the oracle success rate and the success rate of the optimal
choice model provided only the 9 measured Stokes parameters. By estimating
this gap, which I call Γ, I estimate the success rate of the Bayes classifier and
therefore estimate an upper bound on the success rate of any possible adaptive
choice model.

To estimate

Γ= Ex

[
Pr

(
(I1(x)∪ I2(x)∪ I3(x))∩ IG(x)(x)

)]
, (4.2.15)

I bin the large data set D of 16,831,944 computationally generated random en-
tangled states according to their 9 {W 3}-determined Stokes parameters. A state
with measured Stokes parameters x1 is placed in bin B(x) if its 9 measured Stokes
parameters are equal to x’s within some tolerance ϵ. I then choose G(x) via the
optimal classification rule of the Bayes classifier discussed in Sec. 4.1. Then,

Γ=∑
B

|B |
|D|

|{{W 5
t oracle on ρx

} < 0, {W 5
t G(x)} > 0}|x ∈ B}||

|B |

=∑
B

|{{W 5
t oracle on ρx

} < 0, {W 5
t G(x)} > 0}|x ∈ B}||

|D| (4.2.16)

In words, this is the average number of states associated with every x that are
witnessed by one of the {W 5} witnesses but not the triplet chosen by the Bayes
classifier, estimated via binning. The top figure in Fig. 4.1 shows the gap Γ from
Eq. 4.2.16 across different ϵ values. As ϵ→ 0, Γ converges to zero as well, indicat-
ing that the 16 million state data set is not fine enough to have Γ converge to the
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non-zero value we expect. From Eq. 4.2.14 with Eq. 4.2.16 and Poracle = 79.1%,
I calculate the estimated Bayes classifier success rate and plot it in the bottom
figure of Fig. 4.1. I also find that at ϵ= 0.24, the estimate of PBayes becomes 72.1%
which is below the neural network success rate of 72.3%; as ϵ is increased further
to 4.0, the estimated PBayes falls further to 69.9%. Thus, this estimate is untrust-
worthy until a specific ϵ is justified—I leave this to future work.

In Fig. 4.1, there is no comparison metric to determine what ϵ value leads
to a valid estimate of the bound or gap. In the next section, I focus instead on
directly estimating a lower bound on the success rate of a hypothetical optimal
choice model.

It would be interesting in future work to apply this gap-based bound to an
experimental system—one could choose ϵ based on how finely their experimen-
tal apparatus can determine Stokes parameters. Then, this model provides the
percent of states missed due to the overlap of measured Stokes parameters, with
the measurement error from the experimental apparatus informing a choice of
ϵ.
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Figure 4.1: Γ from Eq. 4.2.16 as a function of ϵ (top) and an estimate of PBayes

from Poracle = 79.1%, and Eq. 4.2.14. Here, ϵ controls how tightly the data set is
binned.
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4.3 Estimating PBayes

In this section, I estimate PBayes directly to estimate an upper bound on any
adaptive choice model’s success rate. Recall that PBayes is an upper bound on the
success probability of our protocol using the hypothetical best possible choice
model, a Bayes classifier. I choose to do this, rather than continue finetuning the
gap-based bound in Sec. 4.2.2, because it will also provide me a choice model
that indicates when the model’s estimated bound is trustworthy or not.

My motivation is to generate a large data set in the same fashion as the data
used for Fig. 3.3 and use that data set to estimate the relevant probabilities (gi (x)
from Eq. 4.1.3). I choose to estimate the probability that the state ρx associated
with Stokes 9-vector x is witnessed by the i -th {W 5} triplet by partitioning the
data set into many bins and then calculating the probability that the i -th {W 5}
triplet detects ρx given it is partitioned into some bin which I denote B(x). I
make this choice because, assuming I can bin the data set in a smart way as I
discuss later in Sec. 4.4, I can increase what percentage of states in a bin are
witnessed by the same triplet. I was further convinced because computing this
probability is easy: divide the number of states in a bin witnessed by triplet i
by the total number of states in that bin. A drawback of this approach is that
the curse of dimensionality in R9 and my use of a k-d tree both make it easy to
overestimate the success probability; I discuss this in Sec. 4.4 as well.

I now proceed with the derivation of the binned success rate. Split the data
set, denoted D, via a partition consisting of N bins, {B1, . . . ,BN }.

Begin with Eq. 4.1.7,

PBayes = EX [max
i

gi (X )]], (4.3.1)

where the expectation value is over all Stokes vectors X associated with entan-
gled states. Partition the data set as described above and apply the law of total
expectation, denoting B(X ) the bin containing X to obtain

PBayes = EB(X )[EX∈B(X )[max
i

gi (X )|B(X )]]. (4.3.2)

Here, EX∈B(X ) is the expectation value over all X within some bin B(X ), and EB(X )

is the expectation value over all bins in the partition. Recognize that max is a
convex function. For any convex function f , Jensen’s inequality states that

E[ f (x)] ≥ f (E[x]). (4.3.3)
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Therefore, using Jensen’s inequality on the max function I rewrite Eq. 4.3.2 as

PBayes = E[E[max
i

gi (X )|B(X )]] (4.3.4)

≥ E[max
i
E[gi (X )|B(X )]] (4.3.5)

= E[max
i

P (Ei = 1|X ∈ B(X ))] (4.3.6)

=
N∑

n=1
P (X ∈ Bn) max

i∈{1,2,3}
P (Ei = 1|X ∈ Bn). (4.3.7)

I then estimate P (X ∈ Bn) as the relative bin size and P (Ei = 1|X ∈ Bn) as the
number of states in bin n that are witnessed by the i -th triplet divided by the
total number of states in bin n. This yields

PBayes ≥
N∑

n=1

|Bn |
|D| max

i∈{1,2,3}

|{x ∈ Bn ,Ei (ρx ) = 1}|
|Bn |

. (4.3.8)

Of note, this is now an estimate of the lower bound and can exceed the true lower
bound. I now explore how we may bin this data set such that states likely to be
witnessed by the same triplet exist in the same bins.

4.4 Binning the Dataset: A k-d Tree

In this section, I discuss a method for binning the data set that places states wit-
nessed by the same triplet in the same bin, without knowledge of the actual wit-
ness value associated with each state. I first describe the general theory behind
a k-d tree, then describe specific implementations and their performance in the
following subsections.

A k-d tree, or k-dimensional tree, is a binary tree where each node is split in
two according to how the data is distributed at that node with respect to one of k
parameters. A balanced k-d tree is created by, for each node in the tree, choosing
one of k parameters to split on then placing all data with parameter value below
its median into one child node and the rest into a different child node. In this
thesis, I discuss only a balanced tree, where each child node is half the size of its
parent. as I found it performed better than unbalanced trees, which is when the
child k-d tree’s performance, I am speaking to the success rate of the associated
lower bound from Sec. 4.3 or choice model from Sec. 3.3. As one changes how
the splitting parameter is chosen, which splitting parameters the tree has access
to, the number of leaves (lowest children nodes) allowed, and the depth (longest
chain from root to leaf) allowed, the performance of the tree changes. As an ex-
ample, if I allow the tree to split on a state’s Stokes parameters and choose which
to split on via each parameter’s variance, the k-d tree will choose the Stokes pa-
rameter of greatest variance in the dataset then split the data set into two, deter-
mined by whether each point is above or below the median of the parameter of
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highest variance. The median is chosen so that the tree is balanced. I discuss the
provided parameters in Sec. 4.4.1 and potential ways to choose which parameter
to split on at a given node in Sec. 4.4.2.

By the end of this algorithm, we have binned our data set in 2D equally sized
bins, where D is the depth of the tree. More importantly, we have constructed
a set of rules that determine how to split future data points. In other words,
we have created a set of nodes, each associated with a parameter and parame-
ter value to split with respect to, that we may split any data set with—this is a
new choice model that approaches the Bayes success rate as the number of data
points and depth approaches infinity. In the rest of this thesis, I create this set of
rules using a training set, and run the lower bound calculation across a separate
test set of quantum states.

4.4.1 An Overview of Binning Parameters

In this section, I discuss the different parameter sets I can provide the k-d tree.
However, I save a discussion of the results of each parameter set for Sec. 4.5 so
that I can talk about both the parameter sets and how a node’s splitting parame-
ter is chosen at the same time.

As a first guess, I allow our k-d tree to choose one of the nine Stokes param-
eters measured for the {W 3} witness set,

{M 3} = {〈σi ⊗σ0〉 ,〈σ0 ⊗σi 〉 ,〈σi ⊗σi 〉}, i ∈ [x, y, z]. (4.4.1)

Recall that σ0 = I is the identity operator. The algorithm then, at each node,
chooses a Stokes parameter and splits the data set. I find that this algorithm
performs sub-optimally and that its success rate does not surpass nor approach
the neural network’s performance.

There is, however, no reason to believe that a state’s Stokes parameters best
determine which {W 5}s triplet witnesses it. Furthermore, the neural network
outperforming the Bayes lower bound indicates that there are correlations be-
tween Stokes parameters and negative witness triplet that the Stokes parameters
alone fail to capture. Recall from Sec. 3.1.2 that six of the nine {W 5} witnesses
admit an analytic minimization, and from Sec. 3.3.3 that this leads to six param-
eters ∆i (x) that characterize how large the cross correlation Stokes parameter
term obtained by the additional {W 5} measurements must be for a triplet to de-
tect a state. Here, x is the vector consisting of the 9 Stokes parameters obtained
by measuring the {W 3} set. My motivation for using the ∆i (x) is that I want pa-
rameters that already respect how likely it is for a state to be witnessed by a given
{W 5} triplet.
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4.4.2 An Overview of Methods for Splitting the Dataset

I now present two methods for choosing a binning parameter to split against at
each node. The performance of each is discussed in Sec. 4.5.

One way to split is against the parameter of highest variance. This means
that at each node, the variance of all provided binning parameters is calculated,
the binning parameter of highest variance is chosen, and the data set is split at
the mean of that chosen parameter into two child nodes.

We have no reason to believe, however, that variance is the best way to sep-
arate states witnessed by different triplets; this was hinted at by the fact that my
previous attempts this year to use a nearest neighbor model split on Euclidean
distance in the space of the nine {W 3} Stokes parameters failed to outperform
the population model or neural network.

To inform a different method, I look back at the form of the lower bound,
Eq. 4.3.8. The Bayes lower bound looks like a sum over the maximum of prob-
abilities, these probabilities being of a given witness triplet detecting a state in
a given leaf. The maximum is over the three triplets and sum over all states. As
such, at each step in the training process, I am motivated to increase the prob-
ability of the highest-probability witness triplet of a node when creating its chil-
dren. The quantity I care about here is entropy: when entropy is high, we have
very little information on what triplet is most likely to witness states in a given
bin, and therefore the probabilities are nearly equal—this decreases the Bayes
lower bound. When entropy is low, the probability that one of the triplets witness
the states in the node is high, which raises the Bayes lower bound. Decreasing
entropy is equivalent to increasing the information known about a system. In-
spired by this, I choose how to split a node based on the parameter that results in
the highest information gain. In machine learning, information gain is defined
as

IG(B , a) = H(B)−H(B |a), (4.4.2)

where H(B) is the entropy of node B , and H(B |a), the entropy of B given a split-
ting on parameter a, is the average entropy of its children nodes if you split
on that parameter. Recall from Sec. 2.3 that mutual information measures the
amount of information that knowing the outcome of some random variable Y
provides about a different random variable X , on average. Information gain can
be thought of as analogous to mutual information, except that the random vari-
able Y have been replaced by a bin and the random variable X by a splitting
parameter. I found that a balanced tree performed better than an unbalanced
one, so always choose to split a given node at the median of whatever parameter
maximizes the information gain for that node.
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4.5 Bayes Lower Bound Results

In this section, I present the results of the Bayes lower bound via binning ap-
proach. I find it saturates and in some cases exceeds the neural network success
rate. Importantly, note that all features are normalized to mean 0 and variance
1 before the tree is fit to them, meaning that the first node’s splitting parame-
ter is arbitrary, while the following are not because I do not re-normalize after
the first split. Future work should investigate how choosing different first-node
splitting parameters affects the resulting tree performance. The section is orga-
nized as follows: Sec. 4.5.1 contains results when using the variance-based split-
ting on Stokes parameters and Sec. 4.5.2 provides results when either variance or
information gain is used on parameters inspired by the analytic-minimization-
inspired quantities.

4.5.1 A Naive Binning: Stokes Parameters

Here, I choose to split on the state’s 9 measured Stokes parameters and make the
choice via highest variance. First, I consider how this bounds the success proba-
bility as a function of concurrence. For reference, I include the five-layer neural
network and the W 5 oracle choice models as well. Each model is evaluated on
the data set of 16,831,944 states discussed in Chap. 1. See Fig. 4.2; of note, the
performance stays below the neural network’s for all concurrences, indicating
that the neural network is finding correlations between Stokes parameters that
the Bayes model misses. This figure is generated with a tree depth of 17, which
as discussed in Sec. 4.5.2 is likely an overestimate due to a low number of states
per leaf. At the safer depth of 15, the lower bound at zero concurrence was ap-
proximately 68%.
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Figure 4.2: k-d tree Bayes classifier performance when given all {W 3} measure-
ments. At c > 0.0, meaning for all entangled states in the data set, this estimates
PBayes = 71.3%.

4.5.2 A Smarter Binning with Analytic Minimization

For the k-d tree to be informed by the six analytically minimized {W 5} witnesses,
I choose to split on the parameters∆i (x), i ∈ {1,2,4,5,7,8}, derived from Eq. 3.3.4.
Furthermore, I choose to split using information gain, as I found its success rate
to be 1% greater than splitting on variance on when given either the six ∆i (x)
parameters or the 9 measured Stokes parameters.

To confirm that the ∆i (x) terms provide better binning than the 9 measured
Stokes parameters, and knowing that information gain performs better than vari-
ance, I plot the top 12 features used across an information-gain tree when given
both∆i (x) and the 9 measured Stokes parameters in Fig. 4.3. I find that the∆i (x)
terms are overall better to split on, as only two of the measured Stokes param-
eters occupy the top 8 features, with the other 6 features being the ∆i (x) terms.
In contrast with the variance-based model discussed in the next paragraph, the
information gain model splits on the Si i , i ∈ [x, y, z] terms, which is aligned with
the fact that the population model outperforms the cross-correlation model.

I still find it interesting to look at the feature usage of a variance-based tree
when provided both the ∆i (x) temrms and the 9 measured Stokes parameters
despite its smaller lower bound—this is plotted in Fig. 4.4. Here, I find that it re-
lies heavily on single-particle 〈σi ⊗σ0〉 ,〈σ0 ⊗σi 〉, i ∈ [x, y, z] terms in early splits
as well as the ∆ j (x) terms, j ∈ [1,6].
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Figure 4.3: Top 12 features when the k-d tree is given ∆i and the nine Stokes
parameters needed for the {W 3} set. I provide both to compare which the tree
picks. The asymmetry between Szz ,Sxx , and Sy y is due to each feature being
standardized to mean 0 and variance 1 before the first split, such that Szz gets
randomly chosen to start off.

Figure 4.4: Feature usage of a variance-based tree given Stokes parameters and
the ∆i parameters, plotted for the 12 most-used features.
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Figure 4.5: The k-dimensional tree split on the ∆i parameters of the cross corre-
lation model, evaluated via information gain as discussed in Sec. 4.4.

I split on information gain in order for the k-d tree to choose parameters
that are more likely to help it separate states detected by different {W 5} triplets,
shown in Fig. 4.5. In this figure, I use only the ∆i (x) parameters, having previ-
ously shown them to be superior to the 9 measured Stokes parameters for bin-
ning. The three curves represent the lower bound calculated as in Eq. 4.3.8, the
performance of this k-d tree as a choice model, and an exponential curve fit to
the lower bound points up to and including a depth of 16. I now clarify the differ-
ence between these two models. The Bayes lower bound is calculated by fitting
the tree on training data, placing a separate test set into the trained tree, then
in each bin calculating the probability of every witness triplet detecting states
within that bin on the testing states and averaging over the maximum probabili-
ties for each bin. Dissimilarly, the choice model success rate is determined by fit-
ting a tree on training data, then calculating the percent of times that a separate
test state that is placed into a bin in the trained tree is detected by the same {W 5}
triplet that detects the most training states in the bin. The choice model is more
realistic and tells us how the k-d tree would perform if applied in a real-world en-
tanglement witnessing protocol. I use the depth at the peak of the choice model,
16, and all depths below it, to fit an exponential curve to the lower bound and
estimate its asymptote. I call depths at or below this peak ’trustworthy’.

I interpret the points leaving the exponential fit in Fig. 4.5 as over-estimation
of the lower bound due to having very few states in each leaf; as I take a max-
imum over probabilities in the lower bound calculation, having few states ar-
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Figure 4.6: Bayes lower bound as a function of tree depth for a balanced tree split
on information gain and given ∆i (x) derived from Eq. 3.3.4. The lower bound is
evaluated on two data sets of 10 million (blue) and 16 million (orange) states
each.
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Figure 4.7: Information gain-dependent k-d tree lower bound as a function of
tree depth, provided only the ∆i parameters. This is a zoomed in version of
Fig. 4.5.
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tificially inflates the associated probabilities. I demonstrate this in Fig. 4.6 by
plotting a lower bound calculated from 10 million states versus 16 million states.
I find that the 16 million state lower bound is less than the 10 million state lower
bound. This is because the 10 million state set has even fewer states per bin than
the 16 million state set and supports my reasoning that having two-few-states
is the cause of trees at high depths leaving the exponential fit. The trustworthy
points of Fig. 4.5 are plotted in Fig. 4.7.

I then investigate the lower bound performance of this tree as a function
of concurrence threshold, plotting both the the lower bound at a depth of 16,
which is trustworthy due to the choice model reasoning above, and the asymp-
tote of the fitted exponential. A concurrence threshold means that I evaluate
success rates on all states with a concurrence greater than to some value c, with
c plotted from greater than 0.0 to 0.25. For c > 0, meaning all entangled states,
the exponential asymptotes lower bound is 72.3%, which matches the five layer
neural network performance of 72.3%. I then observe that while the depth of 16
lies below the neural network, the fitted exponential asymptote lies exactly on
or above the neural network for all concurrences. A reason for the odd jumping
behavior of this fitted curve is currently unknown; I first thought there weren’t
enough points for an accurate lower bound (due to the overfitting that occurs
when there are too few states per leaf) but out of the 16 million states in our data
set, 10,277,704 have a concurrence greater than 0.16. Then, the number of states
to avoid overfitting at a depth of 16 is 216×50 = 3,276,800. This indicates that the
concurrence leading to too-few-states per leaf does not lead to the jumping be-
havior. A possible reason is that high concurrences provide extra information
that the k-d tree is able to use—confirmation of this hypothesis is the subject of
future work.
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Figure 4.8: Choice model success rates as a function of concurrence with the
k-d tree based lower bound shown both at a depth of 16 and as the result of
an exponential fit on a lower bound versus depth curve. Only the ∆i splitting
parameters are provided.
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Chapter 5

A General Witnessing
Framework from the PPT
Criterion

"I’ll be positive." - The PPTerminator

In this chapter, I relate the {W 3} and {W 5} witness sets to a well-known separa-
bility criterion for bipartite quantum states. This chapter is structured as follows:
in Sec. 5.1 I provide a high-level summary of a framework connecting the {W 3}
and {W 5} witnesses to the positive partial transpose (PPT) criterion. In Sec. 5.2
I discuss a geometric interpretation of this framework and use it to explain why
the population model has a higher success rate than the cross correlation model,
with each model discussed in Sec. 3.3. In Sec. 5.3 I derive each {W 3} and {W 5}
in terms of Stokes parameters. Then, in Sec. 5.4, I prove that the {W 3} and {W 5}
are equivalent to the PPT criterion evaluated in specific density matrix bases and
that testing the PPT criterion in all bases is equivalent to a hypothetical general
entanglement witness that can be extrapolated from the forms of the {W 3} and
{W 5} using the geometric intuition from Sec. 5.2.

5.1 General Framework Summary

In this section, I provide a summary of the whole chapter—this means that many
of the statements in this section are left unjustified until later sections. I refer
to density matrix elements for the following density matrix with basis elements
along ẑ:

ρ =


ρ11 ρ12 ρ13 ρ14

ρ21 ρ22 ρ23 ρ24

ρ31 ρ32 ρ33 ρ34

ρ41 ρ42 ρ43 ρ44

 . (5.1.1)
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The PPT criterion states that any bipartite state for which ρΓ ≥ 0 is separable [19].
This is equivalent to all principal minors of ρΓ being non-negative [9], in every
basis for ρ. The {1,4} and {2,3} principal minors give the following conditions
that are necessary and sufficient to guarantee separability if true in every basis:

ρ11ρ44 ≥ |ρ23|2 or ρ22ρ33 ≥ |ρ14|2. (5.1.2)

This implies that a bipartite quantum state is entangled if and only if

ρ11ρ44 < |ρ23|2 or ρ22ρ33 < |ρ14|2, (5.1.3)

where must be true in at least one basis. Any entangled bipartite quantum state
follows Eq. 5.1.3 when its density matrix is rotated into a basis in which the neg-
ative eigenvector has support only in the {1,4} or {2,3} principal submatrices. It
is always possible to find a set of unitaries UA ⊗UB such that this is true. Note
that you may always rotate an eigenvector with support only in the {1,4} sub-
matrix into the {2,3} submatrix and vice versa, meaning that the conditions in
Eq. 5.1.3 are equivalent. I present them separately because they do affect how I
later compare them to entanglement witnesses. I now relate Eq. 5.1.3 to the {W 3}
and {W 5} entanglement witness sets, using W 5

1 as an example. Write the density
matrix in the (z, z) basis as in Eq. 5.1.1 in terms of Stokes parameters as

ρ = 1
4


(1+Szz )+ (Sz0 +S0z ) (S0x +Szx )− i (S0y +Sz y ) (Sx0 +Sxz )− i (Sy0 +Sy z ) (Sxx −Sy y )− i (Sy x +Sx y )

(S0x +Szx )+ i (S0y +Sz y ) (1−Szz )+ (Sz0 −S0z ) (Sxx +Sy y )− i (Sy x −Sx y ) (Sx0 −Sxz )− i (Sy0 −Sy z )
(Sx0 +Sxz )+ i (Sy0 +Sy z ) (Sxx +Sy y )+ i (Sy x −Sx y ) (1−Szz )− (Sz0 −S0z ) (S0x −Szx )− i (S0y −Sz y )
(Sxx −Sy y )+ i (Sy x +Sx y ) (Sx0 −Sxz )+ i (Sy0 −Sy z ) (S0x −Szx )+ i (S0y −Sz y ) (1+Szz )− (Sz0 +S0z )

 .

(5.1.4)
Notice that the entanglement condition from the PPT criterion restricted to test-
ing only the real portion of the coherence Re(ρ23) = Re((Sxx+Sy y )−i (Sy x−Sx y )) =
(Sxx +Sy y ) is

(Sxx +Sy y )2 > ((1+Szz )+ (Sz0 +S0z )) ((1+Szz )− (Sz0 +S0z )) ,

(Sxx +Sy y )2 > (1+Szz )2 − (Sz0 +S0z )2,

or
(1+Szz )2 − [

(Sxx +Sy y )2 + (Sz0 +S0z )2]< 0. (5.1.5)

This is precisely the detection condition of the analytically minimized W 3
1 ex-

pression in Eq. 3.1.9. Furthermore, if the full coherence term is tested, the en-
tanglement condition requires

|((Sxx −Sy y )− i (Sy x +Sx y )
) |2 > ((1+Szz )+ (Sz0 +S0z )) ((1+Szz )− (Sz0 +S0z )) ,

(Sxx +Sy y )2 + (Sy x +Sx y )2 > (1+Szz )2 − (Sz0 +S0z )2,

or
(1+Szz )2 − [

(Sxx +Sy y )2 + (Sz0 +S0z )2]< (Sy x +Sx y )2. (5.1.6)
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This is detection condition of the analytically minimized W 5
1 expression in Eq. 3.1.16.

I am then able to derive similar mappings between the entanglement condition
from the PPT criterion and the analytically minimized {W 3} and {W 5} witnesses
by changing the basis states of ρ. I summarize this now.

When the analytic minimizations of the {W 3} witnesses given in Sec. 3.1.1 are
written in terms of density matrix elements, they test the entanglement condi-
tions

ρ11ρ44 < Re(ρ23)2, and/or ρ22ρ33 < Re(ρ14)2, (5.1.7)

when ρ is written in the (z, z) basis for W 3
1 and W 3

2 , the (x, x) basis for W 3
3 and

W 3
4 ), and the (y, y) basis W 3

5 and W 3
6 . Restricting to only test the real portion of

ρ14 and ρ23 allows us to use fewer Stokes parameters as they no longer require
the cross correlation terms (σi ⊗σ j ).

The first two witnesses in each {W 5} triplet test the full PPT criteria Eq. 5.1.3
with density matrix basis states along the (z, z) basis for W 5

1 and W 5
2 , the (x, x)

basis for W 5
4 and W 5

5 , and the (y, y) basis for W 5
7 and W 5

8 .
The third witness in each {W 5} triplet tests the same restricted PPT criterion

as the {W 3} witness set given in Eq. 5.1.7, but rotates the density matrix basis
states by a shared-axis rotation Ri (α)⊗Ri (β), where R is the rotation operator
about axis î . W 5

3 rotates a density matrix originally in the (x, x) basis about the
z axis, W 5

6 rotates a density matrix originally in the (z, z) basis about the x axis,
and W 5

9 rotates a density matrix originally in the (z, z) basis about the y axis.
Define {W al l } to be the theoretical set of witnesses that obey the PPT-provided

criteria in Eq. 5.1.3, and allow for arbitrary rotation of both density matrix sub-
systems around separate axes. The span of this witness set will detect every en-
tangled state. This is equivalent to PPT.

This framework characterizes what states will never be witnessed by a {W 3}
or {W 5} witness. One of these witness sets is unable to certify the entanglement
of ρ if the optimal basis, defined by the basis in which ρΓ’s negative eigenvector
has support only in the {1,4} or {2,3} principal submatrices, is not reachable by
our rotations about specific shared axes.

Interestingly, this implies that any bipartite entangled state can be detected
using only 7 out of 15 Stokes parameters, if only you know what basis to test in.
Generally, finding that basis likely required a full tomography.

We can also think of the different witness sets as a choice of the number of
free parameters to search over when choosing your unitaries (when choosing
how to rotate ρ with basis states along ẑ into an arbitrary basis). The first two
witnesses in each triplet have zero free parameters as you fix three bases, the
third witness in each triplet has 2 free parameters (α,β), and the most general
PPT criteria requires 6 free parameters because it is generally a matrix in SU (2)⊗
SU (2). We can think of the difference between having 2 and 6 parameters as
why 21% of states remain unwitnessed–these are the states that require rotations
about multiple axes simultaneously on at least one qubit. In other words, they
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are the states that cannot be reached by any shared-axis rotation.
Previous work [18] showed that the limited rotations used in the protocol’s

{W 5} set (a subset of all possible {W 5}-like witnesses as described above), are
comprehensive—i.e. they are able to witness all states that the general {W 5}-
like witnesses can detect. Navarro did this by showing that the rotations used
in the protocol’s specific {W 5} set are equivalent to those obtained by a deriva-
tion where you set specific Stokes parameters to zero, as in [22]. A remain-
ing question is to better understand why this is. As an idea, could it be due
to the specific restriction to exchange symmetric cross correlators (terms like
〈σi ⊗σ j 〉±〈σ j ⊗σi 〉)?

I see three pathways to explore this. First, it may be possible to show that
any rotation of both subsystems of a {W 3} witness about a shared axis or one
subsystem about an axis traces out equivalent great circles to the 9 defined {W 5}
witnesses or aligns along one of the fixed axes; see Sec.5.2 for more info on this.
Second, you may be able to show that the PPT-necessary criterion that is tested
by any arbitrary (but limited to single-axis for one subsystem and shared-axis
for both subsystems) either matches the PPT-necessary criterion set by the {W 5}
witnesses as currently defined or is covered by them—for example, if you find a
rotated {W 3} follows a constraint that does not match any of the first two wit-
nesses in each triplet but can be derived by choosing specific α,β angles for one
of the third witness in each of the triplets. Third, show that every separate-axis
rotation for two subsystems either introduces a non-exchange symmetric cross
correlator pair that was set to zero in the derivation based on Riccardi et al. or
detects a subset of entangled states that follow PPT-necessary constraints that
are not included in those used in the current {W 5} set. This would be equivalent
to showing that the shared-axis rotations are the only way to form the protocol’s
triplet without mixing cross correlator terms and losing the exchange symmetry.
Follow up questions include whether we may improve the protocol by focusing
on terms that are not exchange symmetric, such as 〈σi ⊗σ j 〉±〈σ j ⊗σk〉.

5.2 A Geometric Understanding

As discussed above, our protocol is able to witness any entangled bipartite quan-
tum state whose density matrix can be rotated by shared-axis fixed rotations
about x̂, ŷ , or ẑ such that its partial transpose’s negative eigenvector has support
only in the {1,4}, or equivalently, {2,3} submatrix. Here, negative eigenvector
means the eigenvector associated with the negative eigenvalue of ρΓ for entan-
gled ρ. Any vector in a bipartite Hilbert space H A ⊗HB can be expressed as a
Schmidt decomposition of the form

|ψ〉 =∑
i

p
pi |i 〉A ⊗|i ′〉B , (5.2.1)
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where |i 〉A⊗|i ′〉B is a particular orthonormal basis of H A and HB [20]. Therefore,
this negative eigenvector admits a Schmidt decomposition

|φ〉 = cosθ |a0〉 |b0〉+ sinθ |a1〉 |b1〉 , (5.2.2)

where |a0〉 and |a1〉 are orthonormal, as are |b0〉 and |b1〉. Our protocol witness-
ing this state is dependent on whether one of the shared-axis rotations is able to
rotate |a0〉 to |H〉 and |a1〉 to |V 〉, with the same needing to be true for |b0〉 and
|b1〉. Because |a0〉 and |a1〉 are orthonormal, the direction of |a0〉 on the Bloch
sphere fully determines the necessary UA needed–call this unit vector n̂A . Thus,
to detect a given state we need to align n̂A with ẑA and n̂B with ẑB . In most
geometric talk in this thesis, I refer to the space of all possible Schmidt decom-
position basis vectors for ρΓ’s negative eigenvector, assuming entangled ρ.

The goal now is to demonstrate what rotations of (n̂A , n̂B ) our protocol al-
lows. From now on, I represent n̂A and n̂B as vectors in (x, y, z) notation on the
Bloch sphere that are turned into |H〉 (equivalently +z) via rotations. A single-
axis rotation has the form Rk (α) = e−iασk /2. Therefore,

Rx (α) |0〉 = cos(α/2) |0〉− i sin(α/2) |1〉 ⇒ n̂ = (
0 −sinα cosα,

)
(5.2.3)

Ry (α) |0〉 = cos(α/2) |0〉− sin(α/2) |1〉 ⇒ n̂ = (−sinα 0 cosα,
)

(5.2.4)

Rz (α) |0〉 = e−iα/2 |0〉 ⇒ n̂ = (
0 0 1

)
. (5.2.5)

From this, we see that the first two rotations trace out a great circle (largest possi-
ble circle drawn on the surface of a sphere) on the Bloch sphere (of the above de-
scribed space) when α is varied. Of note, the Rz rotation has the effect of chang-
ing the off-diagonal real and imaginary terms into each other. I now explore
what great circles the three {W 5} witnesses generate. I define ρ̃i j = 〈i |UρU †| j 〉 =
〈φi |ρ|φ j 〉 , |φ j 〉 =U † | j 〉 . Recall from Sec. 3.1.2 that each {W 5} witness can be de-
rived by applying a rotation to one of the {W 3} witnesses.

W 5
3 is derived by rotating W 3

3 about the shared z axis. W 3
3 itself is defined

with respect to the x axis, so 〈W 5
3 〉 can be written as

Tr(W 5
3 ρ) = Tr(

(
U (α)⊗U (β)

)
W 3

1

(
U (α)⊗U (β)

)†
ρ) (5.2.6)

= Tr(W 3
1

(
U (α)⊗U (β)

)†
ρ

(
U (α)⊗U (β)

)
) (5.2.7)

with U (α) = Rz (α)Ry and Ry = Ry (π/2). Then,

U (α)σzU (α)† = Rz (α)σx R(α) = cosασx + sinασy , (5.2.8)

meaning that the Bloch sphere coordinates post-rotation look like

n̂ = (
cosα, sinα,0

)
, (5.2.9)
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such that the rotation creates the x y great circle. The first two witnesses in this
triplet act as a fixed evaluation of the PPT criterion along the ẑ axis, which is
orthogonal to the great circle swept by the α minimization of the third witness.

W 5
6 uses Rx (α)⊗Rx (β), so optimization over α and β trace out a great circle

in the y z plane, independently for subsystems A and B . The first two triplets
evaluate the PPT criterion along x̂.

W 5
9 uses Ry (α)⊗Ry (β), so optimization over α and β trace out a great circle

in the xz plane, independently for subsystems A and B . The first two triplets
evaluate the PPT criterion along ŷ .

To summarize, W 5
3 , W 5

6 , and W 5
9 trace out the x y , y z, and xz great circles

respectively while checking the weakened PPT criterion for Re(ρ23)2 or Re(ρ14)2.
Needing to optimize where along the great circle, for each subsystem, each wit-
ness tests explains why these three witnesses require minimizing two parame-
ters. It would be interesting for future work to explore whether this geometric
framework allows an analytic minimization of the last three witnesses in each
{W 5} triplet. The other two witnesses in each triplet check the PPT criterion
more strongly (with |ρ23|2 or |ρ14|2) along a fixed axis orthogonal to the great
circle its third witness generates. For example, {W 5

t1} measures along the z axis
to check |ρ23|2 or |ρ14|2 versus the population terms, then traces a great circle in
the x y plane to compare Re(ρ23)2 or Re(ρ14)2 to the population terms.

5.2.1 Why the Population Model Wins

Recall that the population model splits on the |Si i | Stokes parameter magnitudes
for i ∈ x, y, z, while the cross correlation model uses more information via the ∆i

terms derived from the analytic minimizations of six {W 5} witnessed; refer to
Sec. 3.3.1 and Sec. 3.3.3 for a reminder on the population and cross correlation
models respectively. Because the cross correlation model contains more infor-
mation than the population model and is directly informed by the structure of
the {W 5} witnesses, I would expect that it would have a higher success rate than
the population model. Depsite this, as discussed briefly in Sec. 3.3.5, the oppo-
site is true. In this section, I explain why this is the case.

In Fig. 5.1 I plot the two choice models but only on states detected by the first
and second W 5s witness in each triplet (top) and third witness (bottom). This
figure shows that the cross correlation model is on average ∼ 2% more successful
than the population model until a concurrence threshold of c > 0.166, where the
population model overtakes. On the third witness side, the population model
succeeds on average 7% more than the cross correlation model, due to being
more general.

I interpret ∆i , which is the quantity the cross correlation model chooses ac-
cording to, as a distance (not in a strict mathematical sense) to the fixed axis
points in the space of possible Schmidt decomposition basis vector for ρΓ’s neg-
ative eigenvector, assuming ρ is entangled. I discuss in Sec. 5.2 that each triplet
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invokes the PPT criterion as written in Eq. 5.1.3 along a fixed axis, then use the
weakened version in Eq. 5.1.7 while rotating the Schmidt decomposition basis
vector through a great circle in the plane orthogonal to the axis checked by the
first two witnesses. I interpret the ∆i as telling us how close the unknown state’s
optimal Schmidt decomposition basis vector is to one of the fixed axis directions
(x̂, ŷ , or ẑ). I define the optimal Schmidt decomposition basis set as the basis
set for which the PPT criterion as written in Eq. 5.1.3 is satisfied. However, ∆i

provides little information about what great circle is optimal to sweep in. For
example, if the optimal Schmidt decomposition basis vector is oriented 45◦ be-
tween two axes, the different ∆ values will be similar, as the two are equidistant
from two axes. As a second example, consider a state whose optimal basis set is
rotated away from the x̂ axis along the x y great circle but too far to be witnessed
by the first two witnesses in each triplet that test a fixed axis. In this case, the ∆
chosen will be for the second triplet as its the closest to that axis, which would
then allow it the basis vector to be rotated along the y z plane. However, this
won’t allow it to be aligned with any of x̂, ŷ , or ẑ, so the cross correlation model
fails. I still hope to better understand why the population method does better,
aside from it being more general.

Fascinatingly, at a concurrence threshold of 0.166 in the left side of Fig. 5.1,
the population and cross correlation models have the exact same success rate to
four digits across 10,000 states. This indicates that at this level of entanglement,
the cross correlation model reduces to the population model; this occurs when
the terms that look like (Si i + S j j )2 + (Sk0 + S0k )2, with i , j ∈ {x, y, z} and k ̸= i ,
k ̸= j are zero or close to it. This occurs only for states detected by the first two
witnesses in each triplet, meaning states whose optimal Schmidt decomposition
basis states are aligned with or close to a fixed axis in {x, y, z}. In future work, it
would be interesting to dive into why the crossover in Fig. 5.1 exists at all.
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Figure 5.1: A comparison of the population and cross correlation choice models,
evaluated only on states that are witnessed by the first and second W 5 of each
triplet (top) or third (bottom).
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5.3 Witnesses as Density Matrix Elements

Begin with the Stokes parameter constraints on whether a {W 5} is negative, de-
rived originally by analytically minimizing six of the nine {W 5} witnesses:

〈W 5
1 〉 < 0 ⇐⇒ 1+Szz <

√
(Sxx +Sy y )2 + (Sz0 +S0z )2 + (Sx y −Sy x )2, (5.3.1)

〈W 5
2 〉 < 0 ⇐⇒ 1−Szz <

√
(Sxx −Sy y )2 + (Sz0 −S0z )2 + (Sx y +Sy x )2, (5.3.2)

〈W 5
4 〉 < 0 ⇐⇒ 1+Sxx <

√
(Szz +Sy y )2 + (Sx0 +S0x )2 + (Sy z −Sz y )2, (5.3.3)

〈W 5
5 〉 < 0 ⇐⇒ 1−Sxx <

√
(Szz −Sy y )2 + (S0x −Sx0)2 + (Sy z +Sz y )2, (5.3.4)

〈W 5
7 〉 < 0 ⇐⇒ 1+Sy y <

√
(Szz +Sxx )2 + (Sy0 +S0y )2 + (Szx −Sxz )2, (5.3.5)

〈W 5
8 〉 < 0 ⇐⇒ 1−Sy y <

√
(Szz −Sxx )2 + (Sy0 −S0y )2 + (Szx +Sxz )2. (5.3.6)

Focus on the first two expressions,

1+Szz <
√

(Sxx +Sy y )2 + (Sz0 +S0z )2 + (Sx y −Sy x )2, (5.3.7)

1−Szz <
√

(Sxx −Sy y )2 + (Sz0 −S0z )2 + (Sx y +Sy x )2, (5.3.8)

I compute in Mathematica each Stokes parameter in terms of the elements of
the following density matrix with the constraints that ρ11 +ρ22 +ρ33 +ρ44 = 1 to
conserve probability and ρi j = ρ∗

j i from hermiticity. This yields

〈W 5
1 〉 < 0 ⇐⇒ |ρ23|2 > ρ11ρ44, (5.3.9)

〈W 5
2 〉 < 0 ⇐⇒ |ρ14|2 > ρ22ρ33. (5.3.10)

In words, the witnesses test whether the coherence between one pair of basis
states is greater than the product of the populations of the other pair. When
determining the expressions in Eq. 5.3.1 for triplets 2 and 3, I found they were
much uglier. This is because the nice expressions in Eq. 5.3.9 only hold because
the basis states of ρ are in the ẑ direction. By rotational symmetry, if I write
the density matrix in the (x, x) basis, the Stokes parameter labels transform as
x → y, y → z, z → x. Similarly, the density matrix in the (y, y) basis takes x →
z, y → x, z → y if starting from the (z, z) basis. I denote a rotated density matrix

ρi ,k = ((Ri ·Rk (−α))⊗ (Ri ·Rk (−β)))ρ(. . . )†, (5.3.11)

where Ri is a rotation about axis i by π/2,

Rx = 1p
2

(
1 i
i 1

)
, Ry = 1p

2

(
1 −1
1 1

)
. (5.3.12)
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If ρ is written with no superscript, it is in the (z, z) basis. If either superscript is
a 0, it means that the rotation corresponding to that superscript in not applied
(is I). It follows from this symmetry and by comparing with Eq. 5.3.1 that the
remaining witnesses (just the first two in each triplet) admit the nice coherence-
population expression from Eq. 5.3.9 if we rotate our density matrix to have basis
states along the x̂ direction for {W 5

t1} or ŷ direction for {W 5
t2}. Computing the

rotations in Mathematica, I find

〈W 5
1 〉 < 0 ⇐⇒ |ρ23|2 > ρ11ρ44, (5.3.13)

〈W 5
2 〉 < 0 ⇐⇒ |ρ14|2 > ρ22ρ33, (5.3.14)

〈W 5
4 〉 < 0 ⇐⇒ |ρx,0

23 |2 > ρx,0
11 ρ

x,0
44 , (5.3.15)

〈W 5
5 〉 < 0 ⇐⇒ |ρx,0

14 |2 > ρx,0
22 ρ

x,0
33 , (5.3.16)

〈W 5
7 〉 < 0 ⇐⇒ |ρy,0

23 |2 > ρy,0
11 ρ

y,0
44 , (5.3.17)

〈W 5
8 〉 < 0 ⇐⇒ |ρy,0

14 |2 > ρy,0
22 ρ

y,0
33 . (5.3.18)

To express this more simply, in general,

〈W 5
t i ,1〉 < 0 ⇐⇒ |ρi ,0

23 |2 > ρi ,0
11 ρ

i ,0
44 , (5.3.19)

〈W 5
t i ,2〉 < 0 ⇐⇒ |ρi ,0

14 |2 > ρi ,0
22 ρ

i ,0
33 , (5.3.20)

(5.3.21)

with W 5
t i ,1 referring to the first witness in triplet i , for i ∈ [(1, ẑ), (2, x̂), (3, ŷ)]. I

now turn to the third witness in each triplet. We know that these generalize the
preceding witnesses by allowing an arbitrary rotation about a shared axis by α
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for particle A and β for particle B . In Stokes parameters, these witnesses read

〈W 5
3 〉 < 0 ⇐⇒ 0 > 1

4
[1+cos(α)cos

(
β
)
Sxx + sin(α)sin

(
β
)
Sy y

+ sin(α)cos
(
β
)
Sy x +cos(α)sin

(
β
)
Sx y

−
[(

Szz +cos(α)cos
(
β
)
Sy y + sin(α)sin

(
β
)
Sxx

− sin(α)cos
(
β
)
Sx y −cos(α)sin

(
β
)
Sy x

)2

+ (
cos(α)Sx0 + sin(α)Sy0 +cos

(
β
)
S0x + sin

(
β
)
S0y

)2
] 1

2
]

〈W 5
6 〉 < 0 ⇐⇒ 0 > 1

4
[1+cos(α)cos

(
β
)
Szz + sin(α)sin

(
β
)
Sy y

− sin(α)cos
(
β
)
Sy z −cos(α)sin

(
β
)
Sz y

−
[(

Sxx +cos(α)cos
(
β
)
Sy y + sin(α)cos

(
β
)
Sz y

+cos(α)sin
(
β
)
Sy z + sin(α)sin

(
β
)
Szz

)2

+ (
cos(α)Sz0 − sin(α)Sy0 +cos

(
β
)
§0z − sin

(
β
)
S0y

)2
] 1

2
]

〈W 5
9 〉 < 0 ⇐⇒ 0 > 1

4
[1+cos(α)cos

(
β
)
Szz + sin(α)sin

(
β
)
Sxx

+ sin(α)cos
(
β
)
Sxz +cos(α)sin

(
β
)
Szx

−
[

(Sy y +cos(α)cos
(
β
)
Sxx − sin(α)cos

(
β
)
Szx

−cos(α)sin
(
β
)
Sxz + sin(α)sin

(
β
)
Szz )2

+ (cos(α)Sz0 + sin(α)Sx0 +cos
(
β
)
S0z + sin

(
β
)
S0x )2

] 1
2

].

(5.3.22)

In terms of density matrix elements, calculated via Mathematica, Eq. 5.3.22 reads

〈W 5
3 〉 < 0 ⇐⇒ Re(ρy,z

23 )2 > ρy,z
11 ρ

y,z
44 ,

〈W 5
6 〉 < 0 ⇐⇒ Re(ρ0,x

23 )2 > ρ0,x
11 ρ

0,x
44 ,

〈W 5
9 〉 < 0 ⇐⇒ Re(ρ0,y

23 )2 > ρ0,y
11 ρ

0,y
44 . (5.3.23)

While Mathematica was not able to symbolically match these expressions to
Eq. 5.3.22, I verified in Mathematica that they agree for randomly chosen α,β
over 10,000 randomly generated trace 1 Hermitian complex matrices. Of note,
each expression can be made to look like Re(ρ14)2 > ρ22ρ33 ifα→α+π. I verified
this numerically in Mathematica as well. The reasoning here is that by using an
extra π angle, we are applying a Pauli operator that acts as a bit flip. An interest-
ing note for further exploration is whether the α,β rotations allow you to rotate
Re(ρi j ) into Im(ρi j ), or if not, whether new witnesses can be defined that follow
that pattern.

To summarize the protocol thus far:
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1. The {W 3} detects entanglement for states which have

Re(ρi ,0
14 ) > ρi ,0

22 ρ
i ,0
33 or Re(ρi ,0

23 ) > ρi ,0
11 ρ

i ,0
44 ,

with i ∈ {x̂, ŷ , ẑ}.

2. The first two witnesses in each {W 5} triplet generalize by extending the real
coherence piece to instead be its overall magnitude. They detect entangle-
ment for states in which

|ρ(i ,0)
23 |2 > ρi ,0

11 ρ
i ,0
44 and/or |ρi ,0

14 |2 > ρi ,0
22 ρ

i ,0
33 ,

with i ∈ {x̂, ŷ , ẑ}.

3. The third witness in each {W 5} triplet generalizes the {W 3} by allowing an
arbitrary rotation of the density matrix by angles α,β about a shared axis.
The three used in the protocol detect states that follow the inequalities in
Eq 5.3.23, as well as when you swap the bases that you compare coherence
versus population for. These follow the general pattern

Re(ρi , j
23 )2 > ρi , j

11 ρ
i , j
44 ,

with i , j ∈ {x̂, ŷ , ẑ}.

5.4 Connections to PPT and the most general
witness

In Sec. 5.1, I state that a witness in which the density matrix can be freely rotated
about separate axes can detect any entangled state by testing the PPT criterion
in every basis. I derive this here.

The Peres-Horodecki, or Positive Partial Transpose (PPT), criterion is a nec-
essary condition for a bipartite state to be separable. It states that ρ is separable,
or not entangled, than the eigenvalues of the partial transpose of ρ with respect
to subsystem B are all non-negative. So, if ρΓ has any negative eigenvalues, the
associated state must be entangled.

Denote ρ̃ = (Uα ⊗Uβ)ρ(Uα ⊗Uβ)† a density matrix rotated about arbitrary
axes with respect to each subsystem, with ρ initially being have ẑ basis states. An
entanglement witness with arbitrary rotational ability detects states for which

|ρ̃23|2 > ρ̃11ρ̃44. (5.4.1)

I show that this condition is equivalent to the PPT criterion (in other words, can
be derived from it) and conversely that the PPT criterion is implied from this
condition.
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A principal submatrix of a square matrix is obtained by deleting some set of
the same subset of rows and columns from the matrix. For example,a b c

d e f
g i h

 principal submatrix−−−−−−−−−−−−−−→
delete row/column 2

(
a c
g h

)
. (5.4.2)

A principal minor is the determinant of a principal submatrix. Importantly, a
matrix A is positive semidefinite if and only if all principal minors of A are non-
negative [9]. Consider the partial transpose of a density matrix ρ,

ρΓ =


ρΓ11 ρΓ12 ρΓ13 ρΓ14
ρΓ21 ρΓ22 ρΓ23 ρΓ24
ρΓ31 ρΓ32 ρΓ33 ρΓ34
ρΓ41 ρΓ42 ρΓ43 ρΓ44

 . (5.4.3)

The principal submatrix of column and row {1,4} is

ρΓ{1,4} =
(
ρΓ11 ρΓ14
ρΓ41 ρΓ44

)
, (5.4.4)

which has principal minor

det
{
ρΓ{1,4}

}= ρΓ11ρ
Γ
44 −ρΓ14ρ

Γ
41 (5.4.5)

= ρ11ρ44 −ρΓ14ρ
∗Γ
14 (5.4.6)

= ρ11ρ44 −|ρΓ14|2 (5.4.7)

= ρ11ρ44 −|〈00|ρ|11〉Γ |2 (5.4.8)

= ρ11ρ44 −|〈01|ρ|10〉 |2 (5.4.9)

= ρ11ρ44 −|ρ23|2. (5.4.10)

As the principal minor must be non-negative, we obtain the condition

ρ11ρ44 ≥ |ρ23|2, (5.4.11)

which is identical to the form of {W 5
1 } save for the equals to case. The principal

minor for {2,3} gives
ρ22ρ33 ≥ |ρ14|2, (5.4.12)

which is identical to {W 5
2 } save for the equals to case. Importantly, note that the

eigenvalues of ρΓ are invariant under local unitary transformations. This implies
that PPT holds for ρ if and only if it holds for ρ̃.

Let ρ be an entangled state. I show that the principal minor discussed above
detects entanglement for arbitrary ρ. As ρ is entangled, ρΓ has a negative eigen-
value λ< 0. By theorem 1 of [21], λ is the only negative eigenvalue of ρΓ. The as-
sociated eigenvector, |φ〉 is a vector inC2⊗C2 and so admits a Schmidt decompo-
sition in terms of some orthonormal bases {a0, a1}, {b0,b1}, |φ〉 = cosθ |a0〉 |b0〉+
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sinθ |a1〉 |b2〉 . Apply a unitary that rotates the eigenvector into

|φ̃〉 = (UA ⊗U∗
B ) |φ〉 = cosθ |00〉+ sinθ |11〉 , (5.4.13)

and notice that |φ̃〉 lives entirely in the principal submatrix of {1,4}, as given in
Eq. 5.4.4—call this matrix M{1,4}. This implies that

〈φ̃|ρ̃Γ|φ̃〉 = 〈φ̃|M |φ̃〉 =λ< 0. (5.4.14)

We know that this submatrix’s diagonal values are real and greater than zero for
ρ to be a valid density matrix, implying Tr(M{1,4}) = λ+λ+ ≥ 0, where the trace
being non-negative implies that the second eigenvalue is positive; call it λ+. The
determinant of M{1,4} is the product of its eigenvalues and thus looks like

det
{

M{1,4}
}=λλ+ < 0, (5.4.15)

= ρ̃11ρ̃44 −|ρ̃23|2 < 0, (5.4.16)

from Eq. 5.4.5. This implies that

ρ̃11ρ̃44 < |ρ̃23|2, (5.4.17)

which is precisely the entanglement witnessing condition from above. This
proves that there exists unitaries UA , UB such that the rotated density matrix of
any entangled ρ can be found to satisfy Eq. 5.4.17. In the converse direction,
the {W }-type witnesses satisfying Eq. 5.4.17 implies entanglement because, as
we have shown, this requires that ρΓ < 0. We have thus shown that the condition
on an arbitrary rotation {W 5}-type witness detecting entanglement is the same
as the PPT condition for any entangled state.
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Chapter 6

Conclusion

In this thesis, I explore the optimal performance of an adaptive entanglement
witnessing protocol meant to detect the entanglement of unknown bipartite quan-
tum states of two qubits from few measurements. I define a lower bound on the
success rate of a Bayes Classifier model for the optimal adaptive choice and es-
timate its value using a k-dimensional tree to bin a large data set. I analytically
minimize the majority of two sets of optimal decomposable entanglement wit-
nesses to improve protocol run time and resolve inaccurate witness value eval-
uation due to numerical minimization. I use quantities derived from these an-
alytically minimized expressions to bin the k-dimensional tree, finding that the
corresponding estimated Bayes classifier success rate is equal to our current best
choice method to 0.02% across all computationally generated random states,
and that it exceeds our best choice model on states with a concurrence greater
than 0.05.

I also show that the population model—an analytic adaptive choice model
that was heuristically derived by previous group members [30]—works by maxi-
mizing the magnitude of certain quantities in the analytic minimization of these
entanglement witnesses. Furthermore, I use these minimizations to derive a pair
of entangled states that have identical inputs to the adaptive choice model but
require different outputs, thus proving the existence of an information-theoretic
bound on the adaptive choice model’s success rate. I then use this logic to place a
bound on how well an experimental system could implement our adaptive wit-
nessing protocol given it is only able to measure a state’s Stokes parameters to
some accuracy ϵ.

The analytic minimization also opens the doors to a new understanding of
the structure of these entanglement witnesses. When expressed as density ma-
trix elements, I prove that the analytically minimized witness expressions are
equivalent to the PPT criterion when restricted to only representing the density
matrix in a constrained set of basis states and in some cases, by weakening the
PPT criterion. I interpret this result geometrically, showing that our protocol is
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unable to witness any entangled state for which the eigenvector associated with
the negative eigenvalue of the state’s partially transposed density matrix has ba-
sis vectors of a Schmidt decomposition that do not lie on or near great circles in
the x y, y z,or, xz planes on the Bloch sphere of all possible Schmidt decomposi-
tion basis vectors. I give reasoning for why is the only mechanism by which our
protocol is unable to detect an entangled state, thus fully characterizing what
states our protocol can and cannot detect.

There are multiple avenues that warrant deeper exploration. For one, the
question remains of why the protocol’s limited set of witnesses is sufficient to
cover all states detected by extremal decomposable witnesses of the form extrap-
olated from Riccardi et al. [22]. Furthermore, it would be interesting to confirm
whether the current protocol’s constrained set of witnesses is the best possible
set for an adaptive protocol of this kind, especially considering if we drop the
current Stokes parameter exchange symmetry present in our entanglement wit-
nesses. It would also be interesting to apply the gap-based bounding model to
an experimental system to see the effects of noise on our protocol’s success rate.
Separately, there are also interesting mathematical reformulations of the Bayes
classifier that could be attempted, such as restating the Bayes success as a vol-
ume ratio of fiber bundles from the space of all 15 Stokes parameters to the 9
measured for the {W 3} witness set.
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